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The role of neutrinos 

The Effect of Thermal Neutrino Motion on the Matter Power Spectrum 5

Figure 2. Images of the CDM and neutrino density distributions in a slice of the
simulation volume. The images span 512 h−1 Mpc on a side and has a depth of
10 h−1 Mpc. To produce the images we have interpolated the masses of the N-body
particles to a regular grid with the adaptive smoothing kernel of [25]. The images show
the densities for the CDM component (left), neutrinos with

∑

mν = 0.6 eV (middle),
and neutrinos with

∑

mν = 0.3 eV (right). The top row is at zi = 4 and the bottom
row at z = 0. To enhance the dynamic range of the CDM structures the square root
has been taken of the CDM density field in the z = 0 image. The

∑

mν = 0.3 eV
neutrino image at z = 0 displays artificial small-scale structures in the voids caused by
neutrino N -body particle shot-noise. All the images are made from simulations with
5123 neutrino N -body particles.

the initial position displacements. This procedure involves using several numerically

determined fitting factors, and therefore breaks down when two species with different

TFs are present since then the growth factor is both species and mode dependent.
Instead, we get the velocities by generating two displacement fields centered around our

starting redshift and then take the time difference. We have tested that these velocities

do not depend on the distance in redshift between the two extra displacement fields in

a suitable range around our starting redshift.

2LPT involves a relation between the first- and second-order growth factors. But

since the perturbed energy density even at zi = 4 (zi designates the N -body starting
redshift) is vastly dominated by CDM, we can neglect the neutrino contribution to the

driving term for the CDM growth factor since this would give a small correction to a

Brandbyge et al. (2008) 
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Matter power spectrum in the presence of ν 
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Figure 1. Linear theory results in massive neutrino cosmologies. Left panel: Ratio of the total matter power
spectrum to the CDM power spectrum at redshifts z = 0 (continuous curves) and z = 2 (dashed curves) for
two di↵erent values of the sum of neutrino masses, ⌃m⌫= 0.3 eV in red and ⌃m⌫= 0.53 eV in green. Dotted
lines denote the asymptotic value at small scales of (1� f⌫)

2. Right panel: ratio at z = 0 of the total matter
power spectrum (continuous curves) and CDM power spectrum (dashed curves) for the same two cosmologies
to the ⇤CDM prediction.

while from Eq. (2.8) and Eq. (2.5), it follows that the suppression for the CDM power spectrum, Pcc,
is given by a factor ⇠ (1� 6f⌫). The di↵erence in the suppression between the two power spectra is
shown in the right panel of Figure 1.

3 Simulations

The DEMNUni simulations have been conceived for the testing of di↵erent probes, including galaxy
surveys, CMB lensing, and their cross-correlations, in the presence of massive neutrinos. To this
aim, this set of simulations is characterised by a volume big enough to include the very large-scale
perturbation modes, and, at the same time, by a good mass resolution to investigate small-scales
nonlinearity and neutrino free streaming. Moreover, for the accurate reconstruction of the light-cone
back to the starting redshift of the simulations, it has been used an output-time spacing small enough
that possible systematic errors, due to the interpolation between neighbouring redshifts along the line
of sight, result to be negligible.

The simulations have been performed using the tree particle mesh-smoothed particle hydrody-
namics (TreePM-SPH) code gadget-3, an improved version of the code described in [37], specifically
modified in [38] to account for the presence of massive neutrinos. This version of gadget-3 follows
the evolution of CDM and neutrino particles, treating them as two distinct sets of collisionless parti-
cles. For the specific case of the DEMNUni simulations, a gadget-3 version, modified for OpenMP
parallelism and for memory e�ciency, has been used to smoothly run on the BG/Q Fermi cluster.

Given the relatively high velocity dispersion, neutrinos have a characteristic clustering scale larger
than the CDM one. This allows to save computational time by neglecting the calculation of the short-
range tree-force induced by the neutrino component. This results in a di↵erent scale resolution for the
two components, which for neutrinos is fixed by the PM grid (chosen with a number of cells eight times
larger than the number of particles), while for CDM particles is larger and given by the tree-force (for
more details see [38] ). This choice does not a↵ect the scales we are interested in; in fact, the tree-force
acts below the PM-grid scale, which, for the DEMNUni simulations is ⇠ 0.5h/Mpc (PMGRID=4096
and Lbox = 2h�1 Gpc), and, as discussed also in [39], this corresponds to wavenumbers which are at
least two orders of magnitude smaller than the zero-redshift free-streaming lengths for the neutrino
masses considered in our runs. This means that for z > 0, neutrino overdensities are completely
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lines denote the asymptotic value at small scales of (1� f⌫)

2. Right panel: ratio at z = 0 of the total matter
power spectrum (continuous curves) and CDM power spectrum (dashed curves) for the same two cosmologies
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while from Eq. (2.8) and Eq. (2.5), it follows that the suppression for the CDM power spectrum, Pcc,
is given by a factor ⇠ (1� 6f⌫). The di↵erence in the suppression between the two power spectra is
shown in the right panel of Figure 1.
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nonlinearity and neutrino free streaming. Moreover, for the accurate reconstruction of the light-cone
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the evolution of CDM and neutrino particles, treating them as two distinct sets of collisionless parti-
cles. For the specific case of the DEMNUni simulations, a gadget-3 version, modified for OpenMP
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Linear perturbation theory 
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Neutrino perturbations 
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The moment hierarchy truncation 

 
 
In the absence of any gravitational source term, or for very high l 
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A new moment hierarchy truncation 

In a non-expanding Universe and in the absence of gravity, the Boltzmann hierarchy: 

with solutions 
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which implies that

�3 ⇠
↵⌧

7
�2. (2.18)

We show a simple example of this in Fig. 3 for the case where ↵ = 1 and where the
driving term is such that

�̇
l

=
↵

2l + 1
[l�

l�1 � (l + 1)�
l+1] + 0.1 (�

l0 + �

l2)⌧, (2.19)

and the initial condition is given by �0(0) = 1, �
l 6=0 = 0.

In the same figure we also show the approximate solutions given in Eqs. (2.16) and
(2.18). In the specific case shown the transition between the two asymptotic solutions occurs
at ↵⌧ ⇠ few.
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Figure 3. The solution to �
3

from the toy model in Eq. (2.19) (black line). We also show the
asymptotic solutions from Eq. (2.18) (green dash-dot line) and Eq. (2.16) (red dashed line).

Based on the solutions to the toy model hierarchy we might now guess at a solution to
the true hierarchy of the form

 3 '

0

@
x

7
�

x

+
q

5
7
x

�

�

x

+ x

�

1

A  2, (2.20)

with x ⌘ kq⌧/✏, and where � is a numerical constant controlling the point of transition
between the two asymptotic solutions.

Numerically we find that this approximation works extremely well with � = 1, and that
if a small k-dependent correction is included it works even better
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1,Sync| (black solid lines), | 

2

| (blue solid lines), | 
3

| (orange solid lines), and the
approximation from Eq. 2.12 ( 

3,trunc, yellow dashed lines) and from Eq. 2.21 ( 
3,new, red dash-dot

lines) for m⌫ = 0.5 eV, k = 0.01Mpc�1 (top left panel), m⌫ = 0.5 eV, k = 1Mpc�1 (top right panel),
m⌫ = 0.05 eV, k = 0.01Mpc�1 (bottom left panel), m⌫ = 0.05 eV, k = 1Mpc�1 (bottom right panel).
The momentum bin is q

CLASS

= 0.1.

Instead we can let ourselves be guided by the same figure towards a much better ap-
proximation for  3 by noting that for most values of k and m

⌫

the relation  3 ⇠  2 seems
to hold remarkably well.

This is easy to understand from the following analytic considerations. In the absence
of gravity and in a non-expanding universe the Boltzmann equation hierarchy can be simply
written as

 ̇
l

=
↵

2l + 1
[l 

l�1 � (l + 1) 
l+1]. (2.13)

The solution to this system of equations is  
l

/ j

l

(↵⌧), i.e. a set of functions oscillating with
the period 1/↵ and damped as 1/(↵⌧) at large ⌧ . From this we get that the envelope of  3

is identical to that of  2, i.e. at large ⌧ they di↵er only by a phase in the absence of gravity.
When the gravitational source terms are important the solutions are still quite similar

in nature, and in order to better appreciate the nature of the solutions we study a very simple
toy model before returning to the real system of equations.

– 4 –

Archidiacono & Hannestad, arXiv:1510.02907 



Comparison 
NOT FOR DISTRIBUTION JCAP_062P_1015 v2

a
0.0001 0.001 0.01 0.1 1

0.0001

0.01

1

100

mν = 0.05 eV
k = 0.01Mpc−1

qCLASS = 1

Ψ1

Ψ2

Ψ3,exact

Ψ3,trunc

Ψ3,new

a
0.0001 0.001 0.01 0.1 1

0.0001

0.01

1

100

mν = 0.05 eV
k = 1Mpc−1

qCLASS = 1

a
0.0001 0.001 0.01 0.1 1

0.0001

0.01

1

100

mν = 0.5 eV
k = 0.01Mpc−1

qCLASS = 1

a
0.0001 0.001 0.01 0.1 1

0.0001

0.01

1

100

mν = 0.5 eV
k = 1Mpc−1

qCLASS = 1

Figure 2. Same as in Fig. 1 but for a di↵erent momentum bin: q
CLASS

= 1, i.e. q ⇠ T⌫ .

More specifically we look at the system of equations given by
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where f(⌧) is an l-independent function. This resembles (but is not equal to) the true
Boltzmann hierarchy. We will also assume that ↵ is time-independent which is not generally
true for the true Boltzmann hierarchy. Therefore solutions to this system of equations can at
most be used as a guide line to constructing approximations to the true Boltzmann hierarchy.

At late times (↵⌧ � 1) the solution to the toy model Boltzmann hierarchy for l > 1 is

�
l

/ g(⌧)/
p
2l + 1, (2.15)

where g(⌧) is a common l-independent function. Since we are aiming at an expression for
�3 in terms of lower moments the important point to take away from Eq. (2.15) is that for
(↵⌧ � 1)

�3 ⇠
r

5

7
�2. (2.16)

Conversely, when the argument is small (↵⌧ <⇠ 1) the solution to Eq. (2.14) is such that
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The fluid approximation 
Lesgourgues & Tram (2011) 

Writing the hierarchy in terms of fluid quantities (δ, θ, σ) 
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Comparison: observables 
NOT FOR DISTRIBUTION JCAP_062P_1015 v2

It should be noted here that the addition of the additional factor
⇣

k

1h/Mpc

⌘0.12
is purely

phenomenological. It significantly improves the accuracy of the final CMB and matter power
spectra, but it does not follow from the structure of the equations themselves.

In Figs. 1 and 2 we show this approximation (labeled as  3,new) as a function of a for
two di↵erent values of q, k and m
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Figure 4. The ratio (P⌫,approx � P⌫,exact)/P⌫,exact (upper panels) and the ratio (P
tot,approx �

P

tot,exact)/Ptot,exact (middle panels) and the ratio (C`,approx � C`,exact)/C`,exact (lower panels) us-
ing CLASS fluid approximation (left panels), truncating the hierarchy at ` = 2 with the CLASS
version of  

3

(middle panels) and with Eq. 2.21 (right panels). In all the cases the switch of the
approximation/truncation is at k⌧ > 30. The ratios are given for various neutrino masses m⌫ = 0.5
eV (black lines), 0.1 eV (blue lines), and 0.05 eV (red lines) and at di↵erent redshifts z = 10 (dotted
lines) and z = 0 (full lines).

2.2 Results

In the right panels of Fig. 4 we show the percentage di↵erence between results with the
approximation in Eq. (2.21) and results obtained from the full Boltzmann hierarchy. In
practise the full hierarchy is solved until k⌧ = 31 at which point the code switches to using
the approximation. From the top panel we see that the neutrino power spectrum itself can
be calculated at better than ⇠ 5% precision for all the masses and redshifts investigated.
The total matter power spectrum has an error of less than 0.5% - more than adequate for
the analysis of future high-precision data. Finally, the CMB spectrum picks up only minute
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precision with which the neutrino power spectrum is calculated degrades very significantly
[15, 16, 18]. The matter and CMB spectra in many cases can still be calculated with adequate
accuracy simply because light neutrinos contribute very little to these quantities.

Keeping the momentum dependent equations rather than integrating them to get the
corresponding fluid equations of course slows down the speed of computations. We find
that running CLASS with a single thread (i.e. without OpenMP) the runtime when using
our approximation and switching at k⌧ = 31 is 0.35 times the runtime of CLASS when
solving the full hierarchy (having `MAX = 17 and 5 momentum bins). Using the momentum
integrated fluid equations with the same switch in k⌧ produces a runtime of 0.24 times the
runtime with the full hierarchy. Our approximation thus leads to a speed-up of a factor 2.86
while the fluid equations yield a speed-up of a factor 4.10 4. Moreover the new approximation
is quite stable respect to the value of the switch in k⌧ : Lowering the trigger from k⌧ = 31
to k⌧ = 16 (k⌧ = 12) does not degrade the precision on the total matter power spectrum
(see Fig. 6) and, at the same time, makes the runtime 0.33 (0.13) times the full hierarchy
integration’s runtime. In conclusion, the new approximation switched on at k⌧ = 12 leads to
a smaller percentage error in the total matter power spectrum than the fluid approximation,
and, at the same time, it has a larger speed-up factor.
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Figure 6. The ratio (P
tot,approx � P

tot,exact)/Ptot,exact at z = 0 and with the new approximation, for
m⌫ = 0.5 eV (black lines) and 0.05 eV (red lines) and for various values of the k⌧ trigger: k⌧ = 31
(solid lines), k⌧ = 16 (dashed lines) and k⌧ = 12 (dash-dot lines).

3 Entering the non-linear regime

Having demonstrated that the neutrino matter power spectrum can be calculated to a pre-
cision of a few percent even when the Boltzmann hierarchy is truncated at l = 2 we will

4
Running with multiple threads will reduce the speed-up factor because the code spends less walltime on

parallel tasks.
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The non-linear regime 
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Figure 1. Linear theory results in massive neutrino cosmologies. Left panel: Ratio of the total matter power
spectrum to the CDM power spectrum at redshifts z = 0 (continuous curves) and z = 2 (dashed curves) for
two di↵erent values of the sum of neutrino masses, ⌃m⌫= 0.3 eV in red and ⌃m⌫= 0.53 eV in green. Dotted
lines denote the asymptotic value at small scales of (1� f⌫)

2. Right panel: ratio at z = 0 of the total matter
power spectrum (continuous curves) and CDM power spectrum (dashed curves) for the same two cosmologies
to the ⇤CDM prediction.

while from Eq. (2.8) and Eq. (2.5), it follows that the suppression for the CDM power spectrum, Pcc,
is given by a factor ⇠ (1� 6f⌫). The di↵erence in the suppression between the two power spectra is
shown in the right panel of Figure 1.

3 Simulations

The DEMNUni simulations have been conceived for the testing of di↵erent probes, including galaxy
surveys, CMB lensing, and their cross-correlations, in the presence of massive neutrinos. To this
aim, this set of simulations is characterised by a volume big enough to include the very large-scale
perturbation modes, and, at the same time, by a good mass resolution to investigate small-scales
nonlinearity and neutrino free streaming. Moreover, for the accurate reconstruction of the light-cone
back to the starting redshift of the simulations, it has been used an output-time spacing small enough
that possible systematic errors, due to the interpolation between neighbouring redshifts along the line
of sight, result to be negligible.

The simulations have been performed using the tree particle mesh-smoothed particle hydrody-
namics (TreePM-SPH) code gadget-3, an improved version of the code described in [37], specifically
modified in [38] to account for the presence of massive neutrinos. This version of gadget-3 follows
the evolution of CDM and neutrino particles, treating them as two distinct sets of collisionless parti-
cles. For the specific case of the DEMNUni simulations, a gadget-3 version, modified for OpenMP
parallelism and for memory e�ciency, has been used to smoothly run on the BG/Q Fermi cluster.

Given the relatively high velocity dispersion, neutrinos have a characteristic clustering scale larger
than the CDM one. This allows to save computational time by neglecting the calculation of the short-
range tree-force induced by the neutrino component. This results in a di↵erent scale resolution for the
two components, which for neutrinos is fixed by the PM grid (chosen with a number of cells eight times
larger than the number of particles), while for CDM particles is larger and given by the tree-force (for
more details see [38] ). This choice does not a↵ect the scales we are interested in; in fact, the tree-force
acts below the PM-grid scale, which, for the DEMNUni simulations is ⇠ 0.5h/Mpc (PMGRID=4096
and Lbox = 2h�1 Gpc), and, as discussed also in [39], this corresponds to wavenumbers which are at
least two orders of magnitude smaller than the zero-redshift free-streaming lengths for the neutrino
masses considered in our runs. This means that for z > 0, neutrino overdensities are completely
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Figure 4. The e↵ect of massive neutrinos on the matter power spectrum for a neutrino mass of M⌫ = 0.3 eV. Solid lines show the
ratio between simulations with and without massive neutrinos, for both L30 (red), with a 512Mpc h�1 box and S30 (orange), with a
150Mpch�1 box. Initial redshift was 49. The blue dashed line shows the estimated ratio using HALOFIT , while the black dashed line
shows the prediction from linear theory.

HALOFIT clearly over-predicts the suppression of the
matter power spectrum due to massive neutrinos in the non-
linear regime. The cause is similar to that discussed in Sec-
tion 3.1; HALOFIT includes massive neutrinos only through
the linear theory neutrinos suppression on the non-linear
scale, and thus neglects any back-reaction from the dark
matter. This interpretation is supported by the good agree-
ment of HALOFITwith the Fourier-space simulations.

The largest discrepancy, around 10% of the total sup-
pression, occurs at k ⇠ 1hMpc�1. The location of the maxi-
mal suppression in the numerical simulation moves to larger
scales at lower redshifts, an e↵ect which is again not cap-
tured by HALOFIT , although it was present to some extent
in our Fourier-space simulations. Furthermore, the ampli-
tude of the suppression decreases with redshift, which is to
be expected from our discussion in 3.1; as non-linear growth
occurs in the dark matter more neutrinos fall into the grav-
ity wells. A cross-over redshift occurs at z = 1; on very
small scales the suppression here is equal to that of linear
theory, while at lower redshifts it is less. Note also that in
the quasilinear regime, 0.05 < k < 0.2hMpc�1, the simula-
tions clearly agree much better with HALOFIT rather than
linear theory The dependence of our results on M⌫ is well
described by a linear relation, with the maximal suppression

for a given redshift being proportional to f⌫ , although the
redshift dependence is more complicated.

HALOFIT over-predicts the e↵ect of neutrinos on the
smallest scales. This is not due to neutrino physics, but is
a discrepancy induced because, as found by Hilbert et al.
(2009), HALOFIT under-predicts the growth of non-linear
power for k > 2hMpc�1 in a ⇤CDM universe by up to a fac-
tor of two. We corrected this by re-fitting the HALOFIT pa-
rameter that controls the small-scale power using our ⇤CDM
simulations, after which we could reproduce the asymptotic
neutrino e↵ect. We detail our modifications in Appendix A.
Note that HALOFIT also has reduced accuracy at z = 3�4,
with errors of 15� 20%, compared to 5� 10% at z = 0� 2.
Because of this, it fails to accurately predict the location of
the peak non-linear suppression at z > 2. We did not correct
this e↵ect, as our attempts were found to negatively impact
accuracy at lower redshifts.

We have also performed some simulations varying the
cosmological parameters from our fiducial values, as de-
scribed in Section 2.3. The results of these simulations were
similar to those for our fiducial cosmology, and agree with
the results discussed in Viel et al. (2010). The dependence of
the non-linear suppression on cosmology is largely captured

c� 2011 RAS, MNRAS 000, 1–12
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Non-linear methods 

�  Beyond linear order perturbation theory 
Ø  Fuhrer & Wong (2014) 
Ø  Blas, Garny, Konstandin, Lesgourgues (2014) 
Ø  Dupuy & Bernardeau (2014) 
 
�  N-body simulations 
Ø  Hybrid methods: Brandbyge & Hannestad (2009 & 2010) 
Ø  Semi-linear methods: Ali-Haimoud & Bird (2012) 
 
�  Our approach: using HALOFIT, we account for the non-linear growth of cold dark 

matter overdensities and gravitational potential, then we evolve linear neutrino 
perturbations in the “non-linear” gravitational potential. The entire computation is in 
Fourier k space. 
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Neutrino power spectrum 
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proceed to discuss a simple calculation of the neutrino matter power spectrum using the full
non-linear gravitational potential.

The influence of neutrinos in this regime has been studied numerous times in recent years
by use of large-scale N -body simulations (see e.g. [20–29]). In [21] it was demonstrated that
for neutrino masses below ⇠ 0.5 eV the total matter power spectrum can be calculated at a
precision of better than ⇠ 1% even when the neutrino component is assumed to exactly follow
the linear perturbation theory equations (including the linear theory gravitational potential).
However, in this case the neutrino power spectrum itself is not reliably calculated because of
the absence of the non-linear gravitational source term. In [12] this approach was improved
by directly solving the linear neutrino evolution equations on a grid in the N -body simulation
so that the full gravitational potential could be included. This has the advantage that the
neutrino power spectrum can be accurately calculated as long as neutrino perturbations stay
essentially linear on all relevant scales. In Fig. 7 we show the dimensionless neutrino power
spectrum calculated using linear theory for di↵erent masses. At z = 0 neutrino perturbations
remains linear even for a mass of 0.5 eV, but for masses only slightly higher than that the
neutrino density field does enter the non-linear regime.

We will use a very similar approach, but instead of solving the neutrino evolution
equations as a part of the N -body simulation we will keep the entire computation in k-space.
The non-linear corrections to the gravitational potential are calculated with the HALOFIT
version presented in Ref. [11], including massive neutrinos as in Ref. [10]. In order to follow
the linear evolution of neutrino perturbations in the non-linear potential, we use a modified
version of CLASS [17]. The dimensionless neutrino power spectra calculated in CLASS with
the full non-linear gravitational potential are shown as dashed lines in Fig. 7.
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Figure 7. The dimensionless neutrino power spectrum (z = 0). Solid lines represent the linear
predictions, dashed lines show the semi-linear model with neutrino overdensities evolving in a non-
linear gravitational potential.
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Figure 8. Neutrino component of the matter power spectrum. Solid lines represent the linear
predictions, dashed lines show the results of semi-linear approximation.
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Neutrino power spectrum 
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12 Y. Ali-Häımoud and S. Bird

Figure 6. The power spectrum of the neutrino component at (Left) z = 0 (Right) z = 1. Solid black shows the results of our semi-linear
fourier-based method from simulation S10. Dashed red shows the particle method, from S10P, to obtain lower shot noise. Dotted green
shows pure linear theory. The vertical dashed grey line shows the approximate non-linear scale for the dark matter.

trum only take place at relatively late times, the impact on
the total power spectrum is minimal. Moreover, on scales
much smaller than the free-streaming scale, the main e↵ect
of including neutrinos is essentially to reduce the matter
overdensity by a factor (1 � f⌫), while keeping the same
background expansion rate (Lesgourgues & Pastor 2006).
As long as |�⌫ | ⌧ |�

cdm

|, the exact value of the neutrino
overdensity does not matter very much. The same conclu-
sion was reached by Shoji & Komatsu (2009), who com-
pared their thrid-order perturbation theory calculations (for
both CDM and neutrinos, the latter approximated as a per-
fect fluid with pressure) to a computation where CDM is
treated to third order but neutrinos are computed to linear
order (without accounting for non-linear growth of poten-
tials), similar to the treatment of Saito et al. (2008). They
found that although neutrino overdensities can be underes-
timated by order unity on non-linear scales, the total matter
power spectrum is very accurately obtained, even with the
simpler method6.

Finally, let us point out that for z > 0.5, subtracting
the scale-free shot noise from P⌫ in the particle simulation
produces very good agreement with the semi-linear Fourier
method, even at scales where the shot noise dominates. This
is further evidence that neutrino shot noise is not having a
strong dynamical e↵ect, and is not causing spurious cluster-
ing.

5.4 Performance

Simulations S05-S20 were consistently faster when using our
Fourier method. The speed increase was 13% of the total
walltime (which includes time spent reading and writing to
disc). Note that the slowest single algorithm in GADGET is
the Tree method for computing short-range forces, which

6 In the notation of Shoji & Komatsu (2009), our method as-
sumes P

tot

= f

2

c P1,c + (2fcf⌫g
1

+ f

2

⌫ g
2

1

)P1,c, which is better
than the treatment of Saito et al. (2008), in the sense that we use
the full non-linear CDM power spectrum as a source for neutrino
overdensities.

is disabled for neutrinos even for our particle based sim-
ulations, hence a large proportion of the execution time is
independent of the method used to simulate neutrinos. More
importantly, the total memory usage of GADGETwas 40%
smaller in the Fourier method than with particle neutrinos,
essentially identical to the memory usage of a pure dark mat-
ter simulation. This is important because memory is often
the limiting factor when performing large modern simula-
tions.

The S10P simulation, which had 8 times more dark mat-
ter particles than S10, took 12 times longer. This scaling is
similar to that expected for a pure dark matter simulation,
demonstrating that our neutrino method scales well. In fact,
the only limit to scalability in the neutrino calculation is the
need for inter-process communication when computing the
power spectrum.

Overall, our Fourier method appears to have similar
performance characteristics to a pure dark matter simu-
lation, as should be expected; the time to compute the
neutrino power spectrum is completely negligible compared
to the N -body algorithms, and the most costly part of
our Fourier algorithm is summing modes on the Fourier-
transformed density grid to compute the power spectrum.

6 APPLICATIONS

6.1 Lyman-↵ Forest

The Lyman-↵ forest is an indirect probe of the matter power
spectrum at small, non-linear scales (k = 0.1 � 4h�1 Mpc),
and at high redshift, z = 2� 4. The power spectrum of the
Lyman-↵ flux measures the clustering of the absorption sig-
nal from neutral hydrogen in quasar spectra, and can be used
to place constraints on the amplitude of primordial pertur-
bations. When combined with constraints from large scales,
this can lead to tight constraints on neutrino mass (Seljak
2000; Gratton et al. 2008; Viel et al. 2010). At these high
redshifts, shot noise could be an issue for light neutrinos, so
it is a natural place to apply our method. In addition, sim-
ulations with neutrino particles, dark matter and baryons
can become unwieldy.

c� 2012 RAS, MNRAS 000, 1–15
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Figure 8. Neutrino component of the matter power spectrum. Solid lines represent the linear
predictions, dashed lines show the results of semi-linear approximation.
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Conclusions 

�  We have demonstrated that the neutrino evolution hierarchy can be solved very 
accurately even if truncated at l = 2. Our approximation for the l = 3 term 
allowed us to reliably calculate the neutrino power spectrum to better than 
∼5% precision for masses up to 1.5 eV. The matter power spectrum has a 
precision of better than 0.5% because of the relatively small direct contribution 
of neutrinos to this quantity. The new approximation to Ψ3 is significantly 
more precise than previously used once. 

 
�  We showed how the neutrino power spectrum can be calculated using the full 

non-linear gravitational potential, but keeping the entire computation in k-
space. The results obtained using this technique are completely consistent with 
those from N-body simulations implementing neutrinos in Fourier-space. 
However, in our case the neutrino power spectrum can be obtained in a few 
seconds whereas the N-body technique requires far bigger computational 
resources.  



Backup 
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errors, far smaller than what can be detected even with cosmic variance limited experiments.
The main reason is that the switch from solving the full hierarchy to using the approximation
happens at k⌧ = 31. If the switch is made earlier the error increases.

For comparison we also show two other cases: The left column is obtained with the
standard “CLASS” approximation [18] in which the hierarchy is truncated at l = 2 and
integrated over momentum space. The middle column shows results for the case where the
“CLASS” approximation for  3 2.12 is used, but the momentum dependence is kept in the
Boltzmann equation.

Clearly, the “CLASS” approximation for  3 overestimates  3 because of the  1 term,
leading to a substantial suppression of power at high k. In fact the error is close to a factor
5 for both the integrated and the momentum dependent cases. However, the total matter
power spectrum is predicted with a much higher precision. The reason is easy to understand
from Fig. 5. Even for relatively high neutrino masses the contribution to the total power
spectrum of neutrinos at high k is essentially null. Even if the neutrino power spectrum is
wrong by a factor of five it has only a modest impact on the total power spectrum. Still,
the approximation used here fares far better than the one used by CLASS, leading to errors
typically a factor 5 smaller.

Finally, the error on the CMB spectrum is comparable between all three approximations
because the switch is triggered at high k⌧ where most of the CMB physics has already
happened. We also note that the errors on the CMB spectra from using the approximation
with this swtich are substantially smaller than the di↵erences between the CAMB and CLASS
codes [19] and in any case completely negligible.
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Figure 5. Ratio between the neutrino component and the total matter power spectrum for various
neutrino masses at z = 0.

In principle further approximations can be made by integrating the Boltzmann hierarchy
over momentum space to yield the fluid equations (see e.g. [15, 16, 18]). These can then be
truncated by use of an approximation similar to Eq. 2.21 for  3. However, in order to work
with the integrated quantities several other approximations are necessary and in this case the
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