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INTRO I: F(R) GRAVITY

1
Einstein-Hilbert Action: S — d* .
e e 0 i rog( R — 2

. : : R .
Quadratic actions like [ S balhir SO0 R - L
T

are motivated by renormalizability. So why not L ~ f(R)?

Not always equivalent to scalar-tensor gravity: example
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Weyl rescaling to the Einstein frame:
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In Jordan frame we have the solution (for flat RW metric)

H(N) = (Cl + ¢5 e_gN)Q/B N =Ina

Interpolates between a de Sitter space (c2 = 0) with
arbitrary cosmological constant and a radiation-dominated
Universe ( ¢c1 =0 ) with R =0 i.e.

B |

thus the Weyl transformations not well-defined.

Except for these cases, f(R) gravity is classically equivalent
to Brans-Dicke theory with wpp =0 . (see De Felices
review). No definitive proof yet that the equivalence
between J and E frame extends at the quantum level.




INTRO II: SCALE INVARIANCE

Cosmological observations tells us that 1—-n, <0,
so the spectrum of curvature perturbation is
quasi scale-invariant, and that r <1

This can be easily obtained in the Starobinski model

a MR, & Re
ﬁ:f(}z): S M,/M ~ 10°

The pure quadratic term is renormalizable and ghost-free.

Strumia et al.: Nature does not contain any scale; mass

scales are generated by quantum effects.
Gravitational ghosts are present [JHEP06(2014)080].




What is the "best” inflationary f(R) in vacuum?

[MR et al. JCAP08(2014)015]



The equations of motion for 5 / d*z\/gf(R)
on a flat RW spacetime are:
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Slow-roll parameters in terms of the function
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Fix n, = 0.9603 , use 7 as parameter and solve for a(XV)
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It has been proven that for the Euclidean action

Iglg] = — / d zaldet( G f(R) —1= g / d*z +/det(g) R

The 1-loop quantum corrections around de Sitter space
amounts to [G.Cognola et al. JCAP02(2005)010]

2

b() 2 R2 9 29
L= "Gl 1 e b 1 by, =
2 ( g ”uo> ) S n<ﬂo>+ Al EEPRE

For 7 < b : b R2
LN__OR2< ) —foRc
2 Ko

However one can show that for this form

ns, ~1+1r/8




Should we throw away log corrections? Maybe not if sum!
[MR et al PRD 91, 123527, 2015]

f(R) =

R2
1 +vIn(R%/p?)
We cannot prove this formula but we can motivate it:

L= R +£R¢ — 2 (96)* — 726" (1 + 61n(¢/p)

Non-minimally coupled Higgs with Coleman Weinberg terms.
During slow-roll we ignore kinetic terms so e.o.m. gives

28R — —;—)\qbg(Z +64+251n(¢* /) ~ 0

Solve for the scalar field (Lambert function), expand and
find )2
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Slow-roll parameters for f(R) theories:
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When applied to our model =~ RS
we find 8(1 — ny)
o
independent of all parameters! The amplitude instead:
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evaluated at the horizon exit. Comparing with data we find

N=45+ 0 P =0 M
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There is one stable attractor corresponding to the pole
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Spontaneous and classical
breaking of scale-invariance

[MR & L. Vanzo, PRD 94, 024009, 2016]
[G. Tambalo & MR, 1610.06478]



Scale-invariant scalar tensor theory

Linv — \/‘ det g‘

effective potential for fixed R:

EOM in terms of efolding N =Ina
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There are only two fixed points:

(H,9) = (H,0) H = arbitrary, saddle point
(H,¢) = (H, 2\/§H) H = arbitrary, stable point

We used the condition a=¢&°/\
Which implies that, at the stable fixed point:

o RE D
Aet = 36 T vy

Recall:

- g2, S op SN D gt
Liny =/ |G - o KEREREES 70

At the stable fixed point the scalar field is stabilised and
the mass scale emerges. Symmetry is spontaneously broken

M. — \/f/3¢0 Emp




reheating

reheating




The Hubble parameter stabilises at e %

It cannot be the present cosmological constant. It would
require a huge fine-tuning for the other parameters since:
Ao
e A2
Rather, H, can be seen as the initial condition for the
subsequent reheating phase. We can write

H, = mp\/gj/(Qﬁ)

and for H, ~10%* GeV and &é~1 we find X~ 107°

Also, the e-folding number is fixed by the initial condition
Hin/bin ~ exp(AN — 9)

For 50/60 efolds inflation needs to begin very close to the

unstable fixed point



Reheating and/or Preheating scenarios

Reheating via scalar field decay ¢ — x + x . Assume that

1

Liot = Liny oY (b X i _(aX) b §m§<X2

Around the fixed point with we replace ¢ — ¢ — ¢o
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. 30
the decay rate can be estimated as

Tt 92¢(2) :\/592%
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The process stops at H ~ T at reheating temperature of

Tioh= /TM, = 0.3 X ghljOe) /4




There are two pre-heating channels via parametric
resonance. Take a massless scalar field minimally coupled:

k‘2
e +3HyL + (? —|—92¢2> v =0

usual oscillator with time-dependent frequency

k2 %

Wk = <—2 il 92¢2>

a
Adiabaticity parameter: A = |w/w?| when small no particle
production. We have: /17

A ? :

g9

since the scalar field oscillates we expect large burst of

particles when the field becomes small. This is the typical
case of parametric resonance.

But there is another channel!



Introduce the variable bee

DO | —

The occupation number is Lt e Xi ) =
k

The Klein-Gordon equation becomes
! Y/ 2 22
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We can solve the eom near the stable fixed point
H(N)=Ho+T(N)e
H(N)=dg— 7T (N)e”
T(N) = cgsin(KN) 4+ cacos(KN), ~=E(1+26)71/&/N

Then: / 2
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We have two interesting regimes for the solutions of

0o IRk
X+ (— - —) X; + <P2 +9272ﬁ> X —

e B

mplﬁa’ri: when |T"/T| < 1 then
4 T(N) 3
= ol VERT a4 g
X ~ exp (4 S 4\/9 16 P ) n Iz exp (2N>
this is the usual case when A = |w/w”| becomes large.

H - Amplification: if/when H vanishes then ( No arbitrary)
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Can be solved with Bessels functions and:
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The analysis can be repeated in the Einstein frame:
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ROAD AHEAD

Perturbations (CMG, grav. waves, non-gaussianities)
Add other scale invariant fields (e.g. radiation)
Preheating and/or reheating

Understand quantum effects

Is spatial curvature admissible?

Bouncing solutions?



CONCLUSIONS

Scale-invariance can be a fundamental symmetry of Nature.
The symmetry breaking can occur via quantum effects or
spontaneous (classical) symmetry breaking.

Inflationary Universe is an ideal laboratory to test
fundamental scale-invariance and its breaking.

Work has been done in black hole thermodynamics too (MR
et al, Entropy 17 (2015) 5145, PRD91 (2015) 104004)

Many interesting questions arise in scale-invariant theories.









Quasi-scale invariant attractors

(MR et al, PRD 93, 024040 (2016))

We consider the non-canonical Linde-like Lagrangian (p > 0)

M? A,
2 g
Thethe first Hubble flow parameters are

M2 @P (V¢>2
€1 = Jp— )

L=y 067 - V()

2 A, \V
M=¢P~t [V, Vo
~ 4 — 4+ 20—
€9 €1 A (pv + 2¢ % )
Then we have;
ne ~ 1 —2e1 — €9,
r ~ 16¢7 .

M. Rinaldi - Trento U.



Quasi-scale Invariant attractors

The alpha-attractors required an analytic potential at the pole.

Here we consider non-analytic potentials:

V(6) = Vpln (qi) p =9

0 (2—p)/2
V(¢) VO (QbO) , D> 2

At leading order, these yield

3
€ ~ 4deq — 7“:5(1—7?,5)

R2
S N )

That Isthe same as for

|sthis|ust a coincidence?

M. Rinaldi

- Trento U.



2
Transform to Jordan frame: L =./—g (MTR
Guv — AP % g,

r

.
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Go on-shell in slowroll approx: Np
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Non Canonical . M
E-frame y
1
—(0¢)* +V

6/7&/«"1‘/0 ,  Canonical

— E-frame
sharp prediction (00)? + ki)

3

T:§(1—n5) /

Jframe

guasi-scale invariant on-shell Induced gravity
M ]
R? + corrections Jowroll Coleman-Weimberg
corrections

M. Rinaldi - Trento U.




Generalizations

Combination of power-law and logarithmic poles.

We find:

Tensor-to-scalar ratio (r9.002)
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