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Our model

Real Universe = homogeneous and isotropic FRW + perturbations

Our goal

® = &, x Transfer function x Growth function
Our approximations

m Relativistic perturbation theory is an expansion in powers of the amplitude of the
perturbations around an homogeneous FRW background

Applicability: largest scales/early times, where the fluctuations are small
Fully GR, but restricted to regimes where the matter density perturbations are small

m Newtonian approximation of GR involves weak gravitational fields and slow motion of
particles

Applicability: scales A\ such that Schwarzschild radius < A < Hubble horizon

WEell suited to deal with non-linearities, e.g. using N-body simulations, but Newtonian
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Step 1: primordial

® = ®,x Transfer function x Growth function

Primordial perturbation set at very early times, at the end of inflation

Standard paradigm:
m (almost) Gaussian

m (almost) scale-invariant
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Step 2: transfer function

® = &, x Transfer function x Growth function

Describes the evolution of perturbations during radiation era, the radiation-matter
transition and early in matter era

The transfer function is found from the Einstein-Boltzmann equations for the tight
coupling CDM + baryons + photons

m analytical solutions for horizon crossing in radiation era and early-matter era
= match

m BBKS fitting formula for CDM + photons

m Eisenstein & Hu fitting formula for CDM + baryons + photons
s CAMB, CLASS etc..
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Step 3: growth function

® = &, x Transfer function x Growth function

Describe the evolution of perturbations at late times:
deep matter- and A-dominated eras

m late times = CDM + A
m mildly non-linear = no pressure

m usually stop at | order
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The caveat: gauge issue

Relativistic cosmological PT “in practice™

m Start FRW o
ds®> = a° [—dn2 + d,ydq'dqj]

m Add perturbations
ds® = 22 {f (14 2¢) di? + 2Bidndx’ + [(1 — 2¢) 85 + xi] dx"dx'}

m Calculate the perturbations of what you need

m Solve your equations

Perturbations are gauge-dependent!!!

So..
m use gauge-invariant variables

m use smart gauges
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Non-linear cosmological PT in GR

Which are the differences between GR and Newtonian
cosmological dynamics beyond linear theory?

RELATIVISTIC PERTURBATIONS IN ACDM COSMOLOGY:
EULERIAN AND LAGRANGIAN APPROACHES

Villa & Rampf JCAP 01 030 (2016)



GR effects in cosmological dynamics
000

Aim & procedure

We want to
m study the perturbations of the space-time metric and fluid variables in GR

m up to Il order in PT
m in the A + CDM era
m include all the degrees of freedom - scalar, vector and tensor

m identify relativistic corrections to Newtonian PT
= choose gauges with a clean correspondence to Newtonian gravity

How:
solve Einstein equations in the Eulerian frame
perform a gauge transformation

get the results in the Lagrangian frame
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The Lagrangian frame: the synchronous-comoving gauge

In the Lagrangian picture the dynamics is described with respect to a coordinate
system attached to the matter

In GR we use the synchronous-comoving gauge
m Spatial coordinates are constant along the geodesic of the matter
m The time coordinate coincides with the proper time of the fluid

Applicability: intermediate non-linear scales, until caustic formation

The synchronous-comoving gauge

ds® = a° [—d7? + v;dq'dq’]

In the Newtonian limit the Einstein equations take the classical Newtonian form of the
equations of motion in the Lagrangian formulation

Matarrese & Terranova MNRAS (1997)

Villa, Matarrese & Maino JCAP (2014)
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An Eulerian frame: the Poisson gauge

In the Eulerian picture the dynamics is described with respect to a coordinate system
not comoving with the matter

In GR we use the Poisson gauge

The Poisson gauge

ds? = a? {— (1 + 2¢) dn? + 2B;dndx’ + [(1 — 2¢) &;; + x;] dx'dx'}
with 8’B,— =0 and a’XU = X‘I =0

Applicability: intermediate non-linear scales, accounting for vector and tensor modes
generated beyond linear regime

In the Newtonian limit the Einstein equations take the classical Newtonian form of the
equations of motion in the Eulerian formulation
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Previous results in the literature

m formal expressions for all metric modes and fluid variables

m no explicit time dependence for all second-order quantities

Bartolo, Matarrese & Riotto JCAP (2006)

Synchronous-comoving gauge

m approximated solutions for the second-order scalars and density

m no solution for vector and tensor modes

Bartolo, Matarrese, Pantano & Riotto CQG (2010)
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Solutions of Einstein equations: first-order scalar

The evolution equation for the first-order scalar is
¢1+ 3Ho1 + a*Ap1 =0

The solution is
b1 = D
1= 2 ®o
where D is the growing mode solution of the Newtonian evolution equation for the

density perturbation 5}

D+ HD — %’Hgﬂmog =0

The GR first-order scalar ¢1 = gpo is identical to the first-order Newtonian
gravitational potential, solution of the Poisson equation in EPT

§ HngO
2

Vi1 = V2l = a7
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Solutions of Einstein equations: second-order scalars

The evolution equation for the second-order scalar in gj; is
G2 + 3H2 + a°Aé2 = S(n, )
In fully generality, the solution can be written as
020150 = ) 100+ 20 00+ Z(0) S0 + 2 0) Su(x) + £ g, (x)
Now:
m substitute in the evolution equation

m obtain four ODE for by, bs, bs, bs

m solve
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Solutions of Einstein equations: second-order scalars

g(n)

8in

by bz bz ba
¢2(n, x) = :(ﬁ) S1(x) + ?(77)52(’() + ?(77) S3(x) + :(77)54(’() + b2, (%)

The growing mode solutions are

D2 202 1 DDy,
bh=——+_—F5—+_
a 3HOQmO 3 din
Dy, D
by = —2D(— — =)
din a
by— —2 (F +D?)
37“(2)91100
2
by=———> —F
3HOQmO

Only two functions appear:
m D the first-order growing mode of the Newtonian density perturbation and trajectory
m F the second-order growing mode of the Newtonian trajectory
x=q+ D(n)¥1(q) + F(n)¥2(q)
We recognise in the GR scalar the second-order Newtonian gravitational potential
3 H2mo
2 ot sh
2 a

Villa & Rampf JCAP (2016)

V2 (20 S0+ 24 0) Sax) ) = V2t =
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Results in the Poisson gauge

Space-time metric

210280 4 3D2+5DD‘“(1 2a,1) + 2 2
goop = —4a — o — += —2a —— |
P a a2 3 aajp nl 3aHngO °

. 5(4&2 10 DD;,y 4 D2 >90+ 2p2 o /(p’/ B 4 (Dz + F) WD]
3 aay 3 aH30m, 3aHZ Um0 3aH3Qm,
8aDD
Boip = 737{;‘;79“.0
> D D2 5 DD;, 2D? > D% 10 DDj,
ip = ¢ [5”{1*2:% - <,Tz BT m) ICI (272 B )e
20? g4 (Dz + F) 1 aw
—mlﬁo,/@o + m }+ XZUP:| .
Matter density
op = — [DVZWO - 3HD<P0] t g o + = 10 D0t — (@1 —2ay) + ii] oV g0
3H2Qmo 3H3mo a 3 ajn 3 H3mo
H2D? D? D 2 5H .Din » 12HDD
* aHZQmo [W 4%} $ot 3H2Qmo (14 220)0 o 0T aHZQmo
D D 20D AHF
H20mo [: T 9 am 1] (Vpo)* + 3(HZm0)? °
*9(%3%0)2 (D% + F)(V2p0)? + 20703 Vg | + (D7 — F)«po‘/m%”"]

Villa & Rampf JCAP (2016)
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Transforming

to the synchronous-comoving gauge...



Space-time metric

2
goog = —a goig = 0

10 DDy, / 4 D
©0,ij

S I . 5
gijg = 2 — —Pint — P+ s ——P0,i1% | Si— = —3——
iis 3 in 9 n in QHngo ain y 3 Hgﬂmo
1

40 DD;y, [( 3) 4 1) ] n
- 2. — — . . 2.7 — - o
Q’HngO oim nl > $0,iPo,j nl Poro,ij > iis

+

4 D23, ok FV2Wos; — 4F v?2 . !
> ®0,ikPo,; — 2FV Vs — 4F(0,ijV 0o — wo,ivg ;)| ¢

+g(Hngo)
16F D? —2 GW
where the tensor Tijg = 9(7‘{(2,9[“0)2 Sij + <9'Hgﬂmo Dgiy, + 9(H§Qm0)2 > VeSS + X2pij
is the solution of the wave equation 7'i',js + 2’}-{7'r,~js 7V27r,js = — L VZSU.
9(H32mo0)?

Matter density

5 2 pvlpe 4 —22PDin {(3 )(v 2+ ) o V2 ]
= — o+ —— (- —a o — an1) Yo V- 9o
® 7 3200 9ain HZQmo L\4 ™ nl
2 2 2 2 2 Im
+———5—— | (D" + F)(V7p0)" + (D" — F)wo im¥¢
9(H§Qmo)2[ e

Villa & Rampf JCAP (2016)
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Applications

Our results

m We consider the gauges which represent the Eulerian and Lagrangian approach in
GR

m We provide simple solutions with a clean identification of Newtonian and GR
contributions up to second-order in PT

Applications: wherever you need GR Il order

m bispectrum and non-Gaussianity

m gravitaional lensing
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Galaxy number counts in GR

How much wrong is to use the Newtonian approximation to model
what we measure in a galaxy survey?

LENSING CONVERGENCE IN GALAXY CLUSTERING IN ACDM
AND BEYOND

Villa, Di Dio & Lepori JCAP 04 033 (2018)
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Theoretical systematics & precision cosmology

A theoretical systematic is a “unknown known”

m we know that we use some assumptions

m we usually do not know how much impact they have

Why important now? Precision cosmology!

m current and upcoming measurements aim at 1% accuracy

m theoretical modelling has to be accurate at the same level
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Lensing as a theoretical systematic

In galaxy surveys we observe the number of galaxies in a redshift bin dz and a
solid angle d2 in our past light cone

It is perturbed
m in the radial direction — redshift-space distortions

m in the transversal direction — lensing

"2 rz)—r
Alnz) = b+ %&(Vm)—k (55—2)/0 érgz)rAQ(dJ—k\U)dr

density & RSD — z; ~ z; and small Az
Lensing — z; # z; and integrated

A(n, z) is linear and gauge invariant
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Our aims

What we want to understand the effects of neglecting lensing in galaxy clustering:

bias the constraints of the cosmological parameters?

bias the value of the cosmological parameters that we infer from these
observations?

and

differences of the lensing effects for different surveys?
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Galaxy surveys

Photometric survey: EUCLID-like

0l<z<?2
fay = 0.375
Npins = up to 10

Spectroscopic survey: SKA ll-like
01<z<x?2
faey = 0.73
Nins =~ 102
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A deeper look into lensing: a spectroscopic survey

Nwt — z ~ z and small Az

Lensing — z # z; and integrated Unknown known
(z2-22)
1.x107°
& 5.x10¢ = the effect of lensing
g —— Newtonian convergence in
Ta2xtw0° N\ | - Newtonian + lensing auto-correlations is
= 1 x10 negligible
1 5 10 50 100
[
{21-210}
L peenmas—
5 10° o = far cross-bin
& o A —— Newtonian correlations in galaxy
T I "‘m. ----- Newtonian + lensing clustering contain no
4 -15 . .
10 ]l'\“‘ p information
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Why (not) go beyond ACDM?

Three main reasons

GR works well, we know it! But..

m only tested in the near Universe (solar system, BH and NS mergers)

m cosmological observations probe a entirely new range of length and time scales
so are we allowed to assume GR on cosmological scales?

and what if we do not need Dark Energy but we use the wrong theory for gravity?

Gllxjc = TMV instead Of Gy.u - T,uu + THDVE ?

Result: much fun for theorists: 30+ popular theories
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The easy way: parametrizing MG

m stay linear

m scalar perturbations
ds® = a%(7) [— (1+2W)dr? + (1 — 20) 5;jdxidxj]
m modify

. . . O]
the relation between metric perturbations v ~(k, a)

3 HEQumo
o a

how they are sourced by the density Al 5

u(k, a)A

Pros:
m simple: just two functions to compare with data

m some MG theories can be parametrized this way

We will assume no scale and time dependence and
m [ = parametrize WV
m Y= M = parametrize ® + V¥
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Spoiler: the correlation with the lensing parameter

How much sensitive a parameter is to lensing?
Write

A= Ag + Arsg + €1 D jens

Calculate the correlation between the cosmological parameters 6, and ¢,

()7
\/{(chb)—l}(m [(Fcbcb)—lLLEL

Pe, =




Lensing correlation: Euclid
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Lensing correlation: SKA

All cross-bin correlations

ACDM+M, - SKA all cross NACDM+M, +u+Z - SKA all cross

1
g &
3 o

b

Nbin Nbin
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Bias in the constraints: aim and method

How much information is contained in the lensing convergence?

m compute the errors from A = A, + Agsp

m compute the errors from A = A; + Agrsp + Alens

m compare
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Results for EUCLID: bias in the constraints

ACDM+M, - EUCLID ACDM+M, +u+Z - EUCLID A
== R\g

3 ne

e —

0.95

/ 0.8f 0
= Wp

0.90f 07t
0.85[ 0.6} - M,
0.5}
0.80 -
10 5 10
Nbin Nbin 2

o with lensing / o without lensing
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Results for SKA: bias in the constraints

All cross-bin correlations

ACDM+M, - SKA all cross ACDM+M, +u+Z - SKA all cross — As
1.0F
1.00} ——= W n,
«
0.95} 08, Ho
c —— w
0.90}, 06y b
== Wm
0.85" 04r ] =M,
0.80L—— : : J 02 -y
5 10 20 30 40 5 10 20 30 40
Nbin Nbin 2

o with lensing / o without lensing
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MG parameters: lensing vs RSD for SKA

A= Ag + Arsd vs A = Ag + Arsd + AIens
for Modified Gravity

constraining power of lensing constraining power of RSD

ACDM+M, +u+Z - SKA all cross ACDM +M,+ p +

-
o

0.9

o
o)

o with lensing/a without lensing
< ks o < b
(2]
o with RSD/g without RSD

0.8

0.7 s
0.6

o
S

o
N

05 I I I I
20 30 40 10 20 30 40

Nbin Nbin

o
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Lensing as a model selection problem: method

w] q ) 0,05, ... =1}
{0a,05, ..., = 0}

dy

m wrong model A = Ay + Ay
m correct model A = Ay + Arsg + Dens

The shift in the best-fit value is

-1

800 =" (F”)aﬁ Fo

B
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Results for EUCLID: shift

ACDM + M, ACDM + M, + i + 5
M e D — T ——e—eo——o—
0.50 0.50 ﬂ\\\
[22]
£
Qo
2 0.10 0.10
0.05 0.05
0.01% ‘ ‘ : ‘ ‘ 0.01L : : : : ‘ ‘ :
As ng Hy wp Wy M, As ns  Hy w, wm M, u z

o with lensing

PEL

Q>

" o without lensing
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Results for SKA: shift vs Ng;,s - all cross-bin correlations

ACDM + M, ACDM + M, + p+ %
1
0.500 T !
— 0.50 \
2 0.100
5 0.050
o 0.10
0.010 0.05
0.005
0.001 0.01
As ns Ho wp W M, As ng Ho wy, wym M, p I
ACDM + M, ACDM + M, + p+ %
1 1
0.50 - T 0.501
1] \
£
o
2 0.10 0.10
0.05 0.05
0.01 0.01
As Ng Ho wp [ M, As ns Hy wp wp Mv 1 z
a with lensing A
T € -
- o withoutlensing PéL 4
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Results for SKA: all cross vs no far cross

ACDM + M, ACDM + M,
10 10
1 1
2 2 /
5 0.100 5 0100 - all cross
= ¥ — no far cross
0.010 0010
0.001 0.001
As ng Ho wp W M, A ns Hy wp W MV
ACDM + M, + i + % ACDM + M, + u+ X
10 10
1 1
2 € 0.100
£ 0.100 g0 y/’4/ — all cross
o o
o010l Y o.o010f™ no far cross
0.001 0.001

As ns Ho Q Qn M, u = Ac ng Hy Q Qn My =

v v
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Take-home messages

m it is crucial to include lensing convergence in galaxy clustering analyses if one wants
to test GR and modifications

m for photometric surveys the estimation of cosmological parameters is biased, in
particular for the modified gravity parameters

m the information contained in far-bin cross-correlations is sub-dominant
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