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Introduction



False vacuum decay in cosmology
Renewed interest :

(Open) Inflation model,
string landscape,

Baryogenesis from (electroweak) first order phase transition
GW from first order phase transition, ...

The String Theory “Landscape”
K

— ‘_r'((r‘)) - Graph axes show only 2 out of hundreds of parameters
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How to estimate the tunneling rate ?



Quantum tunneling at zero temperature

V(x)
1-dim point particle system
with the following potential :

d?x
dt2

1 (da\?
=-Vi(z) — > (_a:) + V(z) =E. (m =1 for simplicity)

EOM : 7

If E <V(0), there is no classical dynamics for the transition from xi1 to x2.
Especially, a particle sitting on x1 stays there forever classically.

But, quantum mechanically, it can decay (penetrate) into x2.



WKB approximation - for simplicty)

2
Schrodinger equation : %wff(x) +(E - V(z)¥(z) =0 (r i %)
D(x) = exp (z S(hm)) ‘ S'(z)? — ihS"(z) — 2(E — V(2)) = 0
N h h\ 2
WKB approximation : S(z) = So(z) + ;Sl(a:) —+ (;) So+ - -

OrO) : 5’6(:1:)2 —2(E—-V(x))=0 Hamilton-Jacobi eq.

- {O(ﬁl) . 250(2)S(z) + SE(z) =0

For E — V(x) <0, S0 must be imaginary (no classical dynamics).

i :I:z'/ V2V (x) — B)da - .
{ ‘ ¥@) = Sty — B P (igf V2V (@) - E)da;)

51 = —3log [2i(V (x) - B)]

o 2 (T2
‘ Transition rate : T ~ exp <_£ /xl dzc\/Q (V(z) — E))

Matching at turning points x1 and x2 with V(x)=E



Tunneling process in quantum mechanics
- V(x)

Transition rate (through WKB method) :

I

T x exp (—2 S dw[2 (V(z) — E))
i

(h=1)
Another way: /

X1 \VXZ

> X
(E - V(x) <0 : no classical (knamics)

2

d<x ; 1 /dx\? B
EOM: 5 =-V'@) — S(2) +V@) =E.

(Wick rotation: 1= it)
2 2
- Z—i =+V'(z) — % (d—x) —V(z)=-E. (E-V(x)<0: classical dynamics)
-

dr
- 2 ;2 da\[2 (V(z) — B) =2 : da:j—i — 2/_000 dr (Z—f_)z - f_O:o dr E (j—i)Q +V(z) — E]
= Spleg] = Spleal (SE[:B] = [~ ar B (jﬁ)z + V(m)D

A “bouncing” solution starting from x1, reaching x2, and going back to x1.

By finding this bouncing solution and evaluating its Euclidean action,
we can estimate the rate for tunneling through a barrier.



Tunneling process in quantum field theory

(Coleman 1977, Callan & Coleman 1977)

V)

Transition rate (through WKB method) :

T o< exp (—2 /xQ da:\/2 (V(x) — E))

L]

= exp [— (SE[:EB(T)] — 55[551])

X1 X2
‘ Straightforward generalization to many-body system, {qi}

> 2 (%) 4 vig

A path with the least (Euclidean) action is dominant because of T oc ¢~ °F.

Spla(M] = [ dr

‘ Further generalization to a field theory, @(x)

Selo(e)) = [ a*ep | 3000000+ V@) = [ar [ |2 (2)" + L0022 + V(o)

(Effective potential includes spatial derivatives)

N.B. There is a crucial difference (gradient term) between QM and QFT.



Tunneling process in quantum field theory

(Coleman 1977, Callan & Coleman 1977)

Transition rate (through WKB method) : V(x)

T o< exp (—2/ da;\/2 (V(x) — E) \ /‘\ /

= exp[— (SE[mB(ﬂ] —sEm]) .Y

true

T single path X
‘ Straightforward generalization
o .-

Sglg:(7)] = /dT — (d_(i) + V(g) | false x/

A path with the least (Euclidean) action is dominant because of T x ¢~ °E.

false true many paths

‘ Further generalization to a field theory, @(x)

Selo(e)) = [ a*ep | 3000000+ V@) = [ar [ |2 (2)" + L0022 + V(o)

(Effective potential includes spatial derivatives)

N.B. There is a crucial difference (gradient term) between QM and QFT.



Tunneling process in quantum field theory 11
V(o)

Decay rate: r « eXD[(SE[¢B($)]SE[fbf(iv)])]
Splo@) = [ dten | S0l 000,64+ V(@]

= f dr ] i3z
EOM

=) —8,0,¢+ V'(¢) = 0.

Coleman et al. proved that the solution with O(4) symmetry gives the least action.

G+2=vie). p=VPre? (=7

with the boundary conditions, Z_qb(o) =0, lim ¢(p) = ¢;.
P

2
; (g‘f) + ; (0:6)2 + V(¢)]

) -

L p—+00
Decayrate: [ — Aexp ( —B ) : one-loop, that is, Gaussian term
1
B\ 2|det’ (SLlopl)| 2
A= () ( : )| " 5= suios ~ Splegl.
d et (SE [¢f]) (Coleman 1977, Callan & Coleman 1977)




CGM theorem

(Coleman, Glaser, and Martin, Commun. math. Phys. 58, 211-221 (1978) )

® In D(>2)-dimensional Euclidean space,

EOM:  A¢—V'(¢) = 0.
=» at least one monotone spherical O(D) solution
vanishing (false vacuum) at infinity,
(other than the trivial solution of ¢= 0 (false vacuum))
if the potential V satisfies some conditions.

® This solution has the least Euclidean action,
1
s=[ds 5002 +V(9)],

among any other solution vanishing at infinity.
If the other solution is not both spherical O(D) and monotone,
this action is strictly less than that of the other solution.



Conditions for the potential

i) V is continuously differentiable for all .

i) VI0)=V'(0)=0. (¢ =0 corresponds to a false vacuum.)
iii) V is somewhere negative.

iv) there exist positive numbers a, b, a, and 3 such that

a< B<2D/(D—2),

with V — a|é|® + bl¢|® > 0.



Coleman, Glaser, Martin proved that the solution with
O(4) symmetry gives the least Euclidean action
when gravity is not taken into account.

Coleman, Glaser, and Martin, Commun. math. Phys. 58, 211-221 (1978)

None proved that the solution with
maximal symmetry gives the least Euclidean action
(= the most probable process)
when gravity is taken into account.

T

Oshita, Shoji, MY justified this claim through AdS/CFT

correspondence for specific (large & thin wall) cases.
(e-Print: 2308.02159 [hep-th], PTEP 2024 (2024) 6, 063E01)

This is still an open question for a general case!!

(But, today’s topic is different.)



How to estimate the tunneling rate
“at finite temperature” ?



Why is this topic so important ?



Gravitational waves from first order phase transitions

Bubbles of broken phase nucleation

Collision of bubbles wall

Ve -
/ C
// . (®)#0
Fqlse / |
,Q - ¢ i Gravitational waves
Tuﬂne/jn(, £ T<To ik:;fm (®)=0
S ]
Trie Sources of GWs : 1.Collision of wall 2.Plasma turbulence

3.Compression wave of plasma

https://conference-indico.kek.jp/event/51/contributions/1118/attachments/720/754/KEKPH_2018 winter Katsuya.pdf

Tunneling rate is quite important for making the prediction of GWs.



Tunneling rate and the prediction of gravitational waves
from first order phase transitions

* B = i In I_(t)' I'(t) : tunneling rate /time/volume
Cdt t=t, t«, T« : time, temperature when I' / H4 ~ 1

‘ Time scale of phase transition: At~ 1/B
B T

X
‘ fpeak . Mpl

Ty) — T
* A= praise(1+) = prrue(T-) (A = 1 :large latent heat)

Prad (T*)

H\P Al
‘ F2GW (B) 1+47  (psq,r depend on the sources)

Gravitational-wave energy density ~
“(energy density of the source) X (time during which the source is active) X (geometric factor)”

_hp A H. ~A for small A
oot 1+ A i B ~1 forlarge A




How to estimate the tunneling rate
“at finite temperature” ?



Finite temperature QFT

Partition function : Z(B) = Tre "1 with g= %

‘ Euclidean path integral with T compactified (period B)

7 — Dd e~ EI?]
(5) /qs(7+a>=¢(7>¢e

p
Sp= [ dr [aP~1e | 5(0:6)2 + 3Vao2 + V(9)

Bosons: periodic  &(7 + 8) = ¢(7)
Fermions: anti-periodic (7 + B) = —¢ (1)

Finite temperature QFT lives on RP-! x SI,
=» Saddle point solutions must be periodic.



Tunneling rate at finite temperature

(Linde 1977, 1981)
/3

R ..-_...A./,d_ =
e _/‘/f E

I "”/
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......

(only spatial directions)

a) 8) c/ d) e)

(@) T=0;(b) T<<r(0)1;(c) T~r(0)!;(d) T>>r(0)!;(e) T > o S0)
(r(0) : O(4)-symmetric bubble size)

O(4)(CGM) O(3) 222 (assumption) 0(3)(CGM)
©  This talk Sk — 893



Does the O(3) symmetric bounce
solution give the least Euclidean action
even at “arbitrary” finite
temperature” ?

(even if gravity effects are neglected.)



Review of proof of CGM theorem

(Coleman, Glaser, and Martin, Commun. math. Phys. 58, 211-221 (1978) )



CGM theorem

(Coleman, Glaser, and Martin, Commun. math. Phys. 58, 211-221 (1978) )

® In D(>2)-dimensional Euclidean space,

EOM: A¢—V'(p) =0, ()
=» at least one monotone spherical O(D) solution
vanishing (false vacuum) at infinity,
(other than the trivial solution of ¢= 0 (false vacuum))
if the potential V satisfies some conditions.

® This solution has the least Euclidean action,
1
s=[ds 5002 +V(9)],

among any other solution vanishing at infinity.
If the other solution is not both spherical O(D) and monotone,
this action is strictly less than that of the other solution.



Reduced problem

NB: 1) S is unbounded (staying at true vacuum => S = - o)
2) Find a saddle point solution (satisfying EOM and ¢(x) = 0)
which gives the least Euclidean action

‘ Introduce “Reduced problem”
(A) Split S = dex B(aqb)? + V()| =T+U

(B) Under scaling ¢,(x)=@(x/a): T—aD—2T, U—aD U
(O) Stationarity => (D-2)T+DU=0 =S=2T/D
(D) Reduced problem : Find a function satisfying ¢(cc) =0

which minimizes T for fixed (negative) U
< minimizes R = -T(D/D-2) /U (scale invariant)



Theorem A

Reduced problem :
Find a function satisfying ¢(c) =0
which minimizes T for fixed (negative) U
<~ minimizes R = -T(M/D-2) /U (scale invariant)

Theorem A: If a solution of the reduced problem exists, then,
for chosen U, it is a solution of EOM (3%) that has action less
than or equal to that of any non-trivial solution of EOM (5%).

Proof : @’ : a non-trivial solution of EOM (5%) = (D-2) T[¢’] + U[¢’] =0

S =T 4 )2 (U —U [qb’]) 22 : Lagrange multiplier II
—> 52(5@ = —A¢(2) + 1V (6(2)) =0 D (D-2) T[o] + 12U[o] = 0

) Aé\(z) +V (65(z)) =0 satisfying EOM (3%)
or(2) = d(x/\)
Tpa] = AP 72T[¢] < T[¢] < T[¢'] (T[o] < T[@’] D 22<1)

) s[5 = 2706 < ST = 519



Theorem B

Theorem B : There exists at least one solution to the reduced

problem. All solutions to the reduced problem are spherically
O(4) symmetric and monotone.

€ Build a minimizing sequence

— Choose {¢n} with fixed U[gn] = Uo <0 and T[@gn] — Inf T
— Reduce to nonnegative (OR nonpositive) functions

@ Spherical Rearrangement — monotone & spherical O(4)
— U: invariant, T: nonincreasing = can set spherical & decreasing

— Equality case < only if original function is already spherical &
monotone

€ Compactness & limit
— Conditions for potential = Uniform bounds on several integrals
=» Ascoli (local uniform conv.), Fatou + weak lower semicontinuity
— Limit ¢ = {@n}(n => ) attains the minimum of R
=» solves reduced problem; hence spherical & monotone

Theorem A + Theorem B = CGM Theorem



Theorem B

potential

Theorem B : There exi
problem. All solutions t
O(4) symmetric and mc¢ //\\ /

@ Build a minimizings ~| / VA
— Choose {@n} with fix¢ _ \ / ’
— Reduce to nonnegativ =

field ¢(x) spherical rearrangement ¢?(r)

V(¢)

0.0 0.5
¢

@ Spherical Rearrangement — monotone & spherical O(4)
— U: invariant, T: nonincreasing = can set spherical & decreasing

— Equality case < only if original function is already spherical &
monotone

€ Compactness & limit

— Conditions for potential = Uniform bounds on several integrals
=» Ascoli (local uniform conv.), Fatou + weak lower semicontinuity
— Limit ¢ = {@n}(n => ) attains the minimum of R
=» solves reduced problem; hence spherical & monotone

Theorem A + Theorem B = CGM Theorem



Conditions for the potential

i) V is continuously differentiable for all .

i) VI0)=V'(0)=0. (¢ =0 corresponds to a false vacuum.)
iii) V is somewhere negative.

iv) there exist positive numbers a, b, a, and 3 such that

a< B<2D/(D—2),

with V — a|é|® + bl¢|® > 0.



(Arbitrary) finite temperature case



Our claim (theorem)

® In RD-1 x S1 (D > 3) space,

EOM: 02¢ + Az¢—V'(¢) =0,
=» at least one monotone spherical O(D-1) solution in the spatial
directions with vanishing (false vacuum) at spatial infinity,

(other than the trivial solution of ¢= 0 (false vacuum))
if the potential V satisfies some conditions.

® This solution has the least Euclidean action,
B
Sp= [ dr [ dP~1e | 3(0r$)2 + AVadl + V(9)

among any other solution vanishing at infinity.
If the other solution is not both spherical O(D-1) and monotone,
this action is strictly less than that of the other solution.



Conditions for the potential

i) V is Borel measurable and lower semicontinuous (and C1).
i) V(0)=0. (¢ =0 corresponds to a false vacuum.)
iii) V is somewhere negative.

iv) there exist positive numbers a, b, a, and 3 such that

a< B<2D/(D—2),

with V — a|é|® + bl¢|® > 0.



Main Difference

Zero temperature

S = [dDa: E(aqb)Q + V((b)] =T+U

(D-2)T+DU=0 =S=2T/D

Reduced problem :

Find a function satisfying ¢(c0) =0

which minimizes T for fixed (negative) U

< minimizes R =-T(M/D-2) /U (scale invariant)

Spherical Rearrangement
— monotone & spherical O(D=4)

U: invariant, T: nonincreasing

=>» can set spherical O(D=4) &
decreasing

Equality case < only if original function is
already spherical & monotone

Finite temperature

B _ .y
S = /O dedD Ly [%(dﬂp)z + %|VI¢\2 + V(o)
= K4+T+U

(D-3)T + (D-1) (U+K) = 0 = S =2T/(D-1)

Reduced problem :

Find a function satisfying ¢(t, r=x©) =0
which minimizes T for fixed (negative) U and
for K<-U

< minimizes R = -T(D-1/D-3) / (U+K)

Steiner Rearrangement (symmetrization)
— monotone & spherical O(D-1=3)

(Brock & Solynin 2000, Cianchi & Fusco 2006, Capriani 2011)
U: invariant, T & K: nonincreasing

=» can set spherical O(D-1=3) &
decreasing

Equality case <> only if original function is
already spherical & monotone



Main Di Cmagar =

Zero temperature

S = [dD:c E(%)Q + V((b)] =T+U

(D-2)T+DU=0 =S=2T/D

Reduced problem :

Find a function satisfying ¢(c0) =0

which minimizes T for fixed (negative) U

< minimizes R =-T(M/D-2) /U (scale invariant)

Spherical Rearrangement
— monotone & spherical O(D=4)

U: invariant, T: nonincreasing

=>» can set spherical O(D=4) &
decreasing

Equality case < only if original function is
already spherical & monotone

after spatial Steiner rearrangement

T2 T2
® =
T3 T3

Steiner Rearrangement (symmetrization)

— monotone & spherical O(D-1=3)
(Brock & Solynin 2000, Cianchi & Fusco 2006, Capriani 2011)

P

U: invariant, T & K: nonincreasing

=» can set spherical O(D-1=3) &
decreasing

Equality case <> only if original function is
already spherical & monotone



Summary

By extending the CGM theorem for zero temperature case,
we rigorously prove that

for a broad class of scalar potentials,
at arbitrary finite temperature,

any saddle-point configuration with the least action is
necessarily spherical O(D—1=3) symmetric and monotonic
in the spatial directions.
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