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In this Feynman diagram, an electron (e-)
and positron (e+) destroy each other, producing
a virtual photon (γ) which becomes a quark-
antiquark pair ( ). Then one radiates a gluon
(g)

Feynman diagram
A Feynman diagram is a diagram that shows what
happens when elementary particles collide.[1]

Feynman diagrams are used in quantum mechanics. A
Feynman diagram has lines in different shapes—straight,
dotted, and squiggly—which meet up at points. The
points in Feynman diagrams represent a meeting
between three particles at the same point in space at the
same time. The lines in a Feynman diagram represent the
probability amplitude for a particle to go from one place
to another.

In Feynman diagrams, the particles are allowed to go
both forward and backward in time. When a particle is
going backward in time, it is called an antiparticle. The
meeting points for the lines can also be interpreted
forward or backwards in time, so that if a particle disappears into a meeting point, that means that the
particle was either created or destroyed, depending on the direction in time that the particle came in
from.

All the lines and points have an amplitude. When you multiply the probability amplitude for the lines,
the amplitude for the particles to go from wherever they start to wherever they meet, and to the next
meeting point, and so on, and also multiply by the amplitude for each meeting point, you get a number
that tells you the total amplitude for the particles to do what the diagram says they do. If you add up
all these probability amplitudes over all the possible meeting points, and over all the starting and
ending points with an appropriate weight, you get the total probability amplitude for a collision in a
particle accelerator, which tells you the total probability of these particles to bounce off one another in
any particular direction.

Feynman diagrams are named after Richard Feynman, who won the Nobel Prize in Physics. His
diagrams are very simple in the case of quantum electrodynamics (QED), where there are only two
kinds of particles: electrons (little particles inside atoms) and photons (particles of light). In QED, the
only thing that can happen is that an electron (or its antiparticle) can emit (or absorb) a photon, so
there is only one building block for any collision. The probability amplitude for the emission is very
simple—it has no real part, and the imaginary part is the charge of the electron.

1. Martinus Veltman. 1994. Diagrammatica: the path to Feynman diagrams. Cambridge Lecture
Notes in Physics. ISBN 0-521-45692-4.

Retrieved from "https://simple.wikipedia.org/w/index.php?title=Feynman_diagram&oldid=10737314"
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Hadrons, atoms, molecules

Which is the 0th order approximation for bound states?

Bound states are the building blocks of matter 

CERN CourierAnalytic methods for QED and QCD are perturbative: ∑
n

cn αn

Scattering amplitudes are expanded around free ( ) statesα = 0
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2Positronium (e+e-) atoms in QED

Schrödinger eq. (Quantum Mechanics): ( −
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Solution is independent of   spin:  S = 1 (Orthopositronium) vs. S = 0 (Parapositronium)e+e−

The Schrödinger atom serves as the 0th approximation in QED.

ΔE
me

=
7

12
α4 − (8

9
+

ln 2
2 ) α5

π
−

5
24

α6 ln α + [1367
648

−
5197
3456

π2 + (221
144

π2 +
1
2 )ln 2 −

53
32

ζ(3)] α6

π2 −
7α7

8π
ln2 α + (17

3
ln 2 −

217
90 ) α7

π
ln α + 𝒪(α7)

Agrees with experiment:  GHzΔνQED = 203.39169(41)

 GHzΔνEXP = 203.394 ± .002
Bound state review:
Adkins, Cassidy, and Pérez-Ríos (2022)

Positronium hyperfine splitting (S=1 vs. S=0):

(has all powers of )α
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3Positronium in motion

⟶

P = 0 P >> M

The Coulomb potential   , whereas 

excitation energies decrease with P:

−
α
r

∝ P

Boost

∼ 1/αme ∼ 1/αE

QED:   Fock state contributes to EB at leading  for . 

            It subtracts the large Coulomb energy, ensuring  

|e−e+γ⟩ 𝒪(meα2) P > 0

E = M2 + P2

M. Järvinen, Phys. Rev. D71 (2005) 085006  [hep-ph/0411208]

Lorentz contraction of equal-time states:

P2 + (2m + EB)2 − P2 + 4m2 ≃
2m EB

P
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=
R

(p1 + p2)2 −M2
+ . . .

Positronium as poles in e+e− → e+e−

p0
e = 𝒪(me) ≫ pe = 𝒪(αme)

qγ = 𝒪(αme) ≫ q0
γ = 𝒪(α2me)

Rest frame: 

(e p0)2

q2
∼

α m2
e

α2m2
e

∼
1
α

Born (and all ladders):

Instantaneous potential  
Coulomb ( ) 
exchange dominates 
in rest frame

μ = 0
Propagating, 
transversely 
polarized photon 
exchange is suppressed

Allows dominance 
of e+e– Fock state 
over e+e–  in 
Positronium at rest

γ

All ladder diagrams are of O( )1/α

γT

Requires:

pe ≪ me

How can strongly bound mesons be , not g ?qq̄ qq̄

 Dμν(q0, q)

p

e pμ

e–

γ

e+

p´

e pν
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5

pe–

γ

e+

p´

Schrödinger eq. describes heavy quarkonia

p p´

gluon

Q

Q̄

|e+e−⟩

|cc̄⟩ |bb̄⟩,

V(r) = −
α
r

V(r) = V′￼r −
4
3

αs

r

Coulomb potential

Cornell potential (1980)

α ≃ 1/137

αs ≃ 0.39 Perturbative

V′￼ ≃ (0.5 fm)−2 QCD scale is V′￼

  enabled perturbative, O( ) calculations (hyperfine splitting, decays, …)
αs

π
≃ 0.12 αn

s

Strong binding is due to the linear potential,  is perturbativeαs

r ≃ 1/(αme) QED scale is me

Perturbative
r

r
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4 15. Quark Model

Table 15.2: Suggested qq̄ quark-model assignments for the lightest
mesons made of u, d and s quarks. Mesons in boldface are included in
the Summary Table. The wave functions f and f Õ are given in the text
(Eq. (15.9)) and the singlet-octet mixing angles in Table 15.5 below for
the well established nonets. The classification of the 0++ mesons is con-
troversial: (i) the scalars a0(980), Kú

0 (700), f0(980) and f0(500), omitted
from the table, are often considered to be four-quark states, but are also
proposed for the ground state scalar nonet (see the chapter “Scalar Mesons
below 1 GeV” in this Review); (ii) there are three isoscalar 0++ mesons,
f0(1370), f0(1500) and f0(1710), both f0(1500) and f0(1710) being pro-
posed as glueballs. The three states are expected to mix. The isoscalar
assignments in the 21S0 (0≠+) nonet are also tentative. Details and alter-
native schemes can be found in “Spectroscopy of Light Meson Resonances”
in this Review.
a The 1+± and 2≠± isospin 1

2 states mix. In particular, the K1A and K1B

are nearly equal mixtures of the K1(1270) and K1(1400) [7]. The 2≠±

mixed partner of the K2(1770) is the established K2(1820).
b The physical vector mesons are mixtures of 13D1 and 23S1 (for a discus-
sion see [8]).
c This state has also been proposed as a tetraquark state [9].
d The ÷(1475) and ÷(1405) (not shown) may be manifestations of a single
state [10].
e This state has also been proposed as the ground state tensor glue-
ball [11, 12].

n2s+1¸J JP C I = 1 I = 1
2 I = 0 I = 0

ud̄, ūd, us̄, ds̄; f Õ f
1Ô
2(dd̄ ≠ uū) d̄s, ūs

11S0 0≠+ fi K ÷ ÷Õ(958)
13S1 1≠≠ fl(770) Kú(892) „(1020) Ê(782)
13P0 0++ a0(1450) Kú

0(1430) f0(1370, 1500, 1710)
11P1 1+≠ b1(1235) K1B

a h1(1415) h1(1170)
13P1 1++ a1(1260) K1A

a f1(1420) f1(1285)
13P2 2++ a2(1320) Kú

2(1430) f Õ
2(1525) f2(1270)

13D1 1≠≠ fl(1700) Kú(1680)b „(2170)c Ê(1650)
11D2 2≠+ fi2(1670) K2(1770)a ÷2(1870) ÷2(1645)
13D3 3≠≠ fl3(1690) Kú

3(1780) „3(1850) Ê3(1670)
13F4 4++ a4(1970) Kú

4(2045) f4(2300) f4(2050)
13G5 5≠≠ fl5(2350) Kú

5 (2380)
21S0 0≠+ fi(1300) K(1460) ÷(1475)d ÷(1295)
23S1 1≠≠ fl(1450) Kú(1410)b „(1680) Ê(1420)
23P1 1++ a1(1640) K1(1650)
23P2 2++ a2(1700) Kú

2(1980) f2(1950)e f2(1640)
21D2 2≠+ fi2(1880)
31S0 0≠+ fi(1800) K(1830) ÷(1760)

1st December, 2023

Hadrons are classified as  or qq̄ qqq

Particle Data Group

Strong (relativistic) binding

Why does the strong field not create g,  ?qq̄

Expect: Seen:

mu ≃ 2.16 MeV

md ≃ 4.67 MeV

Mystery:
Hadron quantum numbers reflect only valence quarks.

 may be perturbative even in light hadronsαs
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7The instantaneous potential of gauge theory

Recall: Electromagnetic waves are transversely polarized. Only two out of four  components propagate.Aμ

 −
1
4 ∫ dt dxFμνFμν =

1
2 ∫ dt dx[(∂tA + ∇A0)2 − (∇ × AT)2] + 𝒪(A3, A4)

 and   are missing∂tA0 ∇ ⋅ A

 and   do not propagateA0 AL

Feynman gauge:  𝒮GF = −
1
2 ∫ dt dx (∂μAμ)2 = −

1
2 ∫ dt dx (∂tA0 + ∇ ⋅ A)2

An instantaneous (Coulomb) potential binds the  Fock state of Positroniume+e−

All four  components 
propagate (covariant gauge)

Aμ

Coulomb gauge: ∇ ⋅ A(t, x) = 0

Temporal gauge:     A0(t, x) = 0

Gauge conditions imposed at an instant of time, at all x

Implies an instantaneous potential

Allows a relativistic binding of  (without transverse gluons)qq̄

Kinetic part of gauge boson action:



Paul Hoyer Helsinki 2026

8GAUGE-INVARIANT FORMULATION OF 
QUANTUM ELECTRODYNAMICS' 

BY P. A. M. DIRAC 

ABSTRACT 
Electrodynamics is formulated so as to be manifestly invariant under general 

gauge transformations, through being built up entirely in terms of gauge-invariant 
dynamical variables. The quantization of the theory can be carried out by the 
usual rules and meets with the usual difficulties. 

It is found that the gauge-invariant operation of creation of an electron 
involves the simultaneous creation of an electron and of the Coulomb field 
around it. The requirement of manifest gauge invariance prevents one from using 
the concept of an electron separated from its Coulomb field. 

GAUGE TRANSFORMATIONS 

A gauge transformation of the electromagnetic field changes the potentials 
All (µ = 0, 1, 2, 3) according to the law 
[1] At,  --> Aµ+ aS/ axµ. 

In the usual formulation of electrodynamics, one restricts the potentials by 
the condition 
[2] aA N/ax,. = 0. 

Then, in order that the transformation [1] shall preserve this condition, it is 
necessary that 
[3] als/axµ  axµ = 0, 

so that the gauge transformations are restricted. 
It is possible to do without the condition [2], in which case S can be an 

arbitrary function of the four x's. One then gets an electrodynamics with 
general gauge transformations. Such a formulation of electrodynamics has 
some advantages in that (i) it is simpler, from a certain point of view, as it 
does not make use of an unnecessary condition, and (ii) it imposes stricter 
limitations on any alterations one may make when one tries to improve the 
theory. 

It will be shown here how one can develop electrodynamics without the con-
ditions [2], [3] and can quantize it, keeping all the time to a formulation for 
which the invariance under general gauge transformations is manifest. 

THE LAGRANGIAN AND HAMILTONIAN 

We must work with the dynamical variables on a space-like three-dimen-
sional surface in space—time and see how they are connected with the dynamical 
variables on a neighboring surface. These connections constitute the equations 
of motion. For simplicity we shall here deal only with the flat surfaces xo — 

'Manuscript received August 23, 1955. 
Contribution from St. John's College, Cambridge, England. 
This paper formed the subject of two lectures given at the National Research Council at Ottawa 

on 10 and 12 August, 1955. 

650 

Can.J.Phys. 33 (1955) 650

Free, gauge dependent electron states are used in Feynman diagrams.
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A S Y M P T O T I C  C OND I T I ONS  AND I[NFRAit~--D 

IN Q U ANT U M  E L E C T R O D YNA M I C ~  

P.  P.  K u l i s h  and  L. D. F a d d e e v  

D ~ V E R G E N C ~ $  

A definition which is f ree  of in f ra red  d ivergences  is  proposed for  the S mat r ix  of s r e iaUv-  
ls t ic  theory of in teract ing charged p a r t i c l e s .  This  Is achieved by a modification of the 
asympto t ic  condition and the introduction of a new simce of asymptot ic  s ta tes .  This  stat~ 
di f fers  f rom the Fok space,  but is sepa rab le  and re la t lv is t ica l ly  and gauge Invariant.  The 
m a s s  opera to r  has no nonvanishing d i sc re te  e igenwlue , .  

In the presen t  paper ,  we shall  d iscuss  some aspec ts  of the sca~e r lng  problem in the relati~dsti~ 
quantum theory  of in teract ing charged par t ic les  and photons. The main resu l t  is the descr ipt ion of a space 
of asympto t ic  s ta tes  for  such a s y s t e m  and the definition of ,an S mat r ix  that is f ree  of Inf rared  divergences.* 

The inf ra red  ca tas t rophe has frequently been discussed,  the f i r s t  occasion being the c lass ica l  paper  
of Bloch ,mad NordMeck in 1937 [1~. The physical r easons  for  inf rared  divergence S a r e  well o.nder~tood 
and they do not lead to ,any pF:ysical p roblems.  However, the general ly  accepted fo rmal  t rea tment  of Lhe 
In f ra red  ca tas t rophe  Is not, in our view, completely s a t i s f a ~ o r y .  

In textbooks on quantum elec t rodynamtcs ,  the r e a d e r  must  wres t l e  with Inf rared  divergcnc~.~. .and 
sum the probabi l i t ies  of a t ransi t ion f rom a ~.~ven initial s ta te  to all final s la tes ,  which include ~ot only 
detectable  par t ic les  but a lso  an a r b i t r a r y  number of "soft" photons (see f2}). An im0ortant  role  in the 
just if ication of this approach is played by ~ e  asympto t ic  formulas  for  the ~catterlng ampli tudes in the case  
~vht., the ar t i f ic ia l ly  introduced photon m a s s  tends to zero.  The gerteral form of these formulas  was de~ 
r ived in ~he ~x'~pers of Yennie c t a l .  [3]. 

In the class ' ,eal  method jus[ descri~)cd, the c ro s s  sections ~nd not the mat r ix  eIcm~'.~ts a ro - regarded  
as the p r i m a r y  objects~ The initial and'final s ta tes  a re  t reated as a s y m m e t r i c  and an S w~atrix is not de -  
fined at all. One is natural ly led to ask  whether these  fea tures  a r e  unavoidable and due to the physical  
na ture  of the problem or  whether  there  exis ts  nn altermative approach to I rdrared s ingular i t ies  in wFgch an 
S ma t r i x  can be defined, in the p resen t  paper,  we at tack the problem in this manner  and propose a version 
of the asymptot ic  condition which is  special ly  suited to a re la t iv is t ic  sys t em of charged par t ic les  and makes  
poss ib le  a c o r r e c t  definition of aa  S mat r ix .  

Our point of depar tu re  is Chung's  important  paper  [4]. Chung su rmised  how one can choose s ta tes  
containing a charged lxarticle and a superposi t ion of an infinite rmmber of photons In such a way ~ a t  the 
m a t r i x  e lements  of the F c y n m a n - D y s o n  S mat r ix  between these s la tes  a r e  finite and nonzero.  Chung~a 
genera l iza t ion of the construction of these  s ta tes  for  the case  of seve ra l  charged par t ic les  is  too unsophis-  
t icated; in par t icu lar ,  it ignores  the infinite Coulomb phase. 

Kibble [5] made some important  advances on Chung's  work. ite introduced a ve ry  l a rge  space 
asympto t i c  s ta tes  and showed that the F e y n m a n - D y s o n  S mat r ix  can be co r rec t ly  defined in this s ~ t e  as 
a uni tary  opera to r .  Klbble 's  space  is  nonseparable  and contains s ta tes  with an lnf ini tenumber  of soft photons. 
One can distinguish separab le  subspaces  of Kibble 's  space which a r e  mapped Into one another  by the S 

* The r e s u l t s  of th~.~ ~ p e r  were  b r ie f ly  reviewed by the authors  at the Scientific Session of the Nuclear 
Phys ics  Division of the Academy of Sciences of the USSR in May ,  1969, in Leningrad. 

Leningrad Branch, V. A. Steklov Mathematics  Institute,  Academy of Sciences of the U,S~.  Trm~s- 
fated f rom Teore t icheskaya  I Matemat icheskaya  Fizik~, Vol. 4, No. 2, pp. 153-t70,  August, 1970. Orig- 
inal a r t i c l e  submit ted March 23, 1970. 

0 1971 r B~eaB, 6 dt~iJiO~ o[ P l e ~  l'~,bti.Sint r 227 re ,z  i~tA S~ .~ ,  ~ w  ~o~k, 
N. F. IDOll. All r~hts re,erred. TAia article co~o! be reproduced for o~y purpose w~soever  w~tAomt 
permissioa o[ the publis~r. A cop7 o[ tAi~ otsicle is a~oilabir [roa t~e p,.blisAer for $)5.00. 

745 

Kulish and Faddeev do not cite Dirac (1955)

Abstract:

Introduction:

… In textbooks on quantum electrodynamics, the reader must wrestle with infrared divergencies and sum the 
probabilities of a transition from a given initial state to all final states, which include not only detectable 
particles but also an arbitrary number of “soft” photons. …

Theoretical and Mathematical Physics 4 (1970) 745



Paul Hoyer Helsinki 2026

10

Dirac’s formulation is equivalent to temporal gauge: .A0(t, x) = 0

[∇ ⋅ EL(t, x) − eψ†ψ(t, x)] |phys⟩ = 0

 : Electric field operator conjugate to EL(t, x) AL(t, x)

Temporal gauge:  A0(t, x) = 0

Complete gauge invariance requires physical states to satisfy Gauss law:

  is preserved by time independent gauge transformations, 

which are generated by Gauss’ operator .

A0 = 0

∇ ⋅ EL(t, x) − eψ†ψ(t, x)

Reviews of temporal gauge do not cite Dirac (1955)

Dirac (1955)



11Physical electrons have an EM field

|e−; t⟩phys = ∫ dx ψ†(t, x) W(AL; t, x) |0⟩

W(AL; t, x) = exp[i∫ dy AL(t, y) ⋅ ∇y( e
4π |y − x | )]

The QED Hamiltonian: HQED = ∫ dx[ 1
2 (E2

L + E2
T)+ 1

4 FijFij + ψ†(−iα ⋅ ∇ + mγ0 − e α ⋅ A)ψ]

Positronium atom at rest: Physical (x1) and (x2) distributed by wave function (x1 – x2)e− e+ Φ

|e+e−, t = 0 > = ∫ dx1 dx2 ψ̄α(x1) Φαβ(x1 − x2)W[AL; x1, x2] ψβ(x2) |0⟩

Bound state condition:  HQED |e+e−⟩ = (2me + Eb) |e+e−⟩

Dirac (1955)

W[AL, x1, x2] = exp[ ie
4π ∫ dy AL(y) ⋅ ∇y( 1

|y − x1 |
−

1
|y − x2 | )]

[∇ ⋅ E(t, x) − eψ†ψ(t, x)] |phys⟩ = 0

higher order corrections
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∫ dx[ 1
2

E2
L , W[AL; x1, x2]] = −

α
|x1 − x2 |

W[AL; x1, x2]

W[AL, x1, x2] = exp[ ie
4π ∫ dy AL(y) ⋅ ∇y( 1

|y − x1 |
−

1
|y − x2 | )]

e+ e−

Coulomb potential from field interference 

QCD bound states may be analogous to Positronium.

Bound states have not been considered in  gauge.A0 = 0

(+ self-energies)
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 bound states in QCD, with A0 = 0qq̄

Invariance of  under time independent gauge transformations requires:|qq̄⟩

which is ensured by

|qq̄, t = 0 > = ∫ dx1 dx2 ψ̄A(x1) Φ(x1 − x2)WAB[AL; x1, x2] ψB(x2) |0⟩

W[AL; x1, x2] ≡ exp[ ig
4π ∫ dy TaAa

L(y) ⋅ ∇y( 1
|y − x1 |

−
1

|y − x2 | )]

∇ ⋅ Ea
L(x) |qq̄⟩ = [− g fabcAb

T ⋅ Ec
T(x) + gψ†Taψ(x)] |qq̄⟩

∫ dx[ 1
2

E2
L,a , W[AL; x1, x2]] = − CF

αs

|x1 − x2 |
W[AL; x1, x2]“One-gluon exchange” potential:

This gives the

Where does the QCD scale come from?

Gauss’ constraint
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Scale invariance in QCD

The QCD action is invariant under translations in time and space, implying conserved currents:

∂μTμν(x) = 0

VOLUME 74, NUMBER 7 PH YS ICAL REVIEW LETTERS 13 FEBRUARY 1995

QCD Analysis of the Mass Structure of the Nucleon

Xiangdong Ji
Center for Theoretical Physics, Laboratory for Nuclear Science

and Department of Physics, Massachusetts 1nstitute of Technology, Cambridge, Massachusetts 02139
(Received 13 October 1994)

From the deep-inelastic momentum sum rule and the trace anomaly of the QCD energy-momentum
tensor, l derive a separation of the nucleon mass into contributions of the quark and gluon kinetic and
potential energies, quark masses, and the trace anomaly. The separation is done in the rest frame of the
nucleon and at the [modified minimal subtraction scheme (MS)] renormalization scale 1 GeV .

PACS numbers: 12.38.Lg, 14.20.Dh

The nucleon derives its mass (939 MeV) from the
quark-gluon dynamics of its underlying structure. How-
ever, due to complexity of low-energy quantum chromo-
dynamics (QCD), a more detailed understanding of the
nucleon mass seems difficult. Lattice QCD is success-
ful in reproducing the measured mass from the funda-
mental Lagrangian [1], but the approach provides little
insight on how the number is partitioned between the nu-
cleon's quark and gluon content. Years after the advent
of QCD, our knowledge of the nucleon's mass structure
comes mostly from models: nonrelativistic quark mod-
els, bag models, the Skyrme model, string models, the
Nambu —Jona-Lasinio model to name just a few. Though
all the models are made to fit the nucleon mass, they differ
considerably on its origin. Depending on different facets
of QCD the models are created to emphasize, interpreta-
tions of the nucleon mass often go to opposite extremes.
In this Letter I show that an insight on the mass

structure of the nucleon can be produced within QCD
with the help of the deep-inelastic momentum sum rule
and the trace anomaly. The result is a separation of
the nucleon mass into the contributions from the quark,
antiquark, gluon kinetic and potential energies, quark
ma. sses, and the trace anomaly. Numerically, the only
large uncertainty is the size of (Plm, sslP), the strange
scalar charge of the nucleon. Some implications of this
mass breakup are discussed following the result.
Let me begin with the energy-momentum tensor of

QCD,

T"" = —P;D t y" P + —g"'F2 FpnFv

where tit is the quark field with color, fiavor, and Dirac
indices; F&' is the gluon field strength with color indices
and F = F ~F p, and all implicit indices are summed
over. The covariant derivative D& = D" —D", with
D& = 8" + igA& and D/" = 8" —igA&, where A& =
Aa t is the gluon potential. The symmetrization of the
indices p, and v in the first term is indicated by (p, v).
Equation (1) is quite formal, for it contains neither the
gauge fixing and ghost terms nor the trace anomaly. The
first type of terms have exact Becchi-Rouet-Stora-Tyuton
(BRST) symmetry [2] and have vanishing physical matrix

Because of the second property, the tensor is a finite
operator and does not need an overall renormalization
[4]. All the fields and couplings in Eq. (1) are bare
and their divergences are canceled by the standard set of
renormalization constants. The only complication is that
the tensor cannot be renormalized with a vanishing trace
(see below). Second, the tensor defines the Hamiltonian
operator of QCD,

HgcD = d'x T"(0, x), (3)

which is also finite and scale independent. Third, the
matrix element of the tensor operator in the nucleon state
is [5]

(PlT"'lP) = P"P'/M,
where lP) is the nucleon state with momentum P" and is
normalized according to (P lP) = (E/M) (27r) 6 (0) and E
and M is the energy and mass of the nucleon, respectively.
Lastly, the trace of the tensor is [6]

T~" =
4 g~' (1 + y )Pmtit + Fp(g)

2g
where m is a quark mass matrix, y is the anomalous di-
mension of the mass operator, and p(g) is the p function
of QCD. At the leading order p(g) = —pug /(4m) and
po = 11 —2n1 /3, where nl is the number of fiavors. The
second term is called the trace anomaly and is generated
in the process of renormalization.
According to the above, the mass of the nucleon is

(Pl f d'x T"(o,x)IP)

in the nucleon's rest frame. Although I formally work
with the matrix elements of the nucleon, it actually is the
difference of the nucleon matrix elements and the vacuum

elements according to the Joglekar-Lee theorems [3]. 1
will add the trace anomaly explicitly when the renormali-
zation issue is dealt with.
A few results about the energy-momentum tensor are

well known. First of all, it is a symmetric and conserved
tensor,

BT"' = 0.

0031-9007/95/74(7)/1071(4)$06. 00 1995 The American Physical Society 1071

Energy-Momentum tensor:

Four-momentum Pν ≡ ∫ dx T0ν

For massless quarks the QCD action lacks a scale: It is invariant under dilations   xμ → λ xμ

Conservation of the dilation current: jμ
D ≡ xν Tμν ∂μ jμ

D = Tρ
ρ = 0implies

But hadrons do have a scale: Their radius is of , or equivalently   O(1 fm) ΛQCD ∼ 200 MeV

∂t Pν = 0is conserved: ∂μ Tμν = 0 implies
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The QCD Trace anomaly

Tα
α (x) =

β(g)
2g

Fa,μνFa
μν(x) ≠ 0Renormalization breaks the classical scale invariance:

β(g) ≡ μ
dg(μ)

dμ
= −

β0 g3

(4π)2
+ …where the QCD -function isβ

The vacuum expectation value   is the energy density of the “gluon condensate”⟨0 | − Tα
α(x) |0⟩ = ℰΛ

Fμν ≡ ∂μAν − ∂νAμ + ig[Aμ, Aν]and

“The trace anomaly contribution is analogous to the vacuum energy 
in the MIT bag model. It is explicitly connected to quark confinement.” Xiangdong Ji (1995)

Perturbative 
vacuum

QCD 
vacuum

Bag pressure B

Chodos, Jaffe, Johnson, Thorn and Weisskopf (1974)

The MIT model postulates a bag of free quarks 
inside a vacuum condensate.
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16Adding a homogeneous term to W[AL]

Interference with the Coulomb field gives the confining, instantaneous (Cornell) potential:

∇2
x[ 1

|x − x1 |
−

1
|x − x2 |

+ κ x ⋅ (x1 − x2)] = − 4π[δ(x − x1) − δ(x − x2)]
Gauss’ constraint 

is unaffected by the 
homogeneous term

Wκ[AL; x1, x2] ≡ exp{i∫
x1

x2

dy TaAa
L(y) ⋅ ∇y[ g

4π ( 1
|y − x1 |

−
1

|y − x2 | )+ κ y ⋅ (x1 − x2)]}

 gives a universal energy density of the vacuum:   .    Has a single parameter .Wκ ℰΛ =
Λ4

2g2CF
Λ

  is the only source-less solution which preserves translation and rotation symmetry 
                        (for color singlet states).
κ y ⋅ (x1 − x2)

V(x1 − x2) = Λ2 |x1 − x2 | − CF
αs

|x1 − x2 |
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17Summary: Observation

Bound state perturbation theory is not in textbooks.

C.f. the derivation of the perturbative expansion for scattering amplitudes  
in the Interaction Picture.



ar
X

iv
:2

01
1.

05
90

8v
1 

 [p
hy

sic
s.h

ist
-p

h]
  1

1 
N

ov
 2

02
0

THE STATE IS NOT ABOLISHED, IT WITHERS
AWAY: HOW QUANTUM FIELD THEORY

BECAME A THEORY OF SCATTERING

Alexander S. Blum†

Max Planck Institute for the History of Science, Boltzmannstraße 22, 14195
Berlin, Germany

12th November 2020

Learning quantum field theory (QFT) for the first time, after first learning quantum mechan-
ics (QM), one is (or maybe, rather, I was) struck by the change of emphasis: The notion of the
quantum state, which plays such an essential role in QM, from the stationary states of the
Bohr atom, over the Schrödinger equation to the interpretation debates over measurement
and collapse, seems to fade from view when doing QFT. Not that it’s gone - as any physi-
cist will be quick to tell you, QFT is simply a quantum theory, with all the general structure
of QM taken over unchanged. But the quantum state is hardly mentioned, when dealing
with Feynman diagrams, path integrals and all the other mainstays of an introductory QFT
course.

This was not always so: The QFT of the late 1920s and 1930s developed as a straightfor-
ward extension and generalization of QM; consequently, writing down Schrödinger equa-
tions and calculating the energies of stationary states were the prime concerns of the physi-
cists working with QFT at the time.1 But, as is well-known, this early QFT suffered from
crippling defects, most notably the divergence problem, i.e., that all calculations appeared
to give nonsensical, infinite results, once one went past the first approximation. The diver-
gence difficulties of QFT (or at least of quantum electrodynamics) were solved through the
renormalization techniques developed in the late 1940s. As was frequently stressed already
at the time, the success of the renormalization program meant that the conceptual founda-
tions of QM could be taken over to field theory with only slight modifications, as opposed
to what physicists had generally believed all through the 1930s and early 1940s. But even
though the foundations did not change (or change only just enough so that they could stay

This paper was originally published in Studies in the History and Philosophy of Modern Physics, Volume
60 (2017), pp. 46-80. Due to formatting mistakes that appeared only after proof-reading, parts of that paper
are garbled. An erratum was published in SHPMP that links to this version, which is the definitive version of
the paper.

†ablum@mpiwg-berlin.mpg.de
1One just needs to look at the first paper on the full theory of quantum electrodynamics

[Heisenberg and Pauli 1929].

1

Learning quantum field theory (QFT) for the first time, after first learning quantum 
mechanics (QM), one is (or maybe, rather, I was) struck by the change of 
emphasis: The notion of the quantum state, which plays such an essential role in 
QM, from the stationary states of the Bohr atom, over the Schrödinger equation to 
the interpretation debates over measurement and collapse, seems to fade from view 
when doing QFT. 

2011.0598
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19Summary: Claim

Relativistic binding is ensured by confinement (c.f. Cornell potential)

The belief that  may be incorrect.αs(ΛQCD) > 1

  is ensured by hadron radii.Q2 ≳ Λ2
QCD

Gribov, hep-ph/9807224 and hep-ph/9902279
Dokshitzer and Kharzeev, hep-ph/0404216 

αcrit
s = πC−1

F (1 − 2/3) ≃ 0.43Gribov estimated that  stops running atαs
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20Summary (1)

Need to identify a 0th order approximation for a bound state expansion.

Physical electrons have a Coulomb  field.AL Dirac (1955)

“Instantaneous photon exchange” is due to gauge fixing over all space at the same time.

Interference of the  fields gives rise to the Coulomb potential 

  in QED, and  in QCD

AL

−
α
r

−CF
αs

r
e+ e−
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21Summary (2)

Interference with the Coulomb potential causes confining potentials for color singlet states 
   (qq̄, qqq, gg, qq̄g…)

A homogeneous solution of Gauss’ constraint gives a finite gluon energy density  in space.ℰΛ

The QCD trace anomaly implies an isotropic vacuum energy with scale    (c.f. MIT bag model).ΛQCD

The  meson spectrum looks promising: Linear Regge trajectories:  qq̄ J = α0 + α′￼M2

2101.06721

2304.11903

2501.18352

2509.01510

2606.08489 

Thank you!

Feel free to ask me about further consequences!
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Backup slides



23Canonical quantization in  gaugeA0(t, x) = 0

3

For color singlet states we may then consider solutions of Gauss’ law for its colored components (such as |qRq̄R→) in
which Ea

L(t,x ↑ ↓) ↔= 0. It turns out that space translation and rotation symmetry require the qq̄ potential to have
the form (1.3) for any quark mass. The confinement scale V

→ is thus introduced via a boundary condition on the
instantaneous gauge field Ea

L.

It is possible to consider QCD bound states at O
(
ω

0
s

)
, keeping only the V

→
r confining potential in (1.3). The O

(
ω

0
s

)

states have features in common with physical hadrons, including linear Regge trajectories [8]. Unlike in QED boost
invariance is ensured is ensured at O

(
ω

0
s

)
, without O (ωs) transverse gluon contributions, see Appendix A.

II. TEMPORAL GAUGE

Temporal gauge, A
0(t,x) = 0, is reviewed in [3–7]. Here I only recall some of its features in QED. The action

SQED =

∫
d
4
x
[
↗ 1

4FµωF
µω + ε̄(i/ϑ ↗ m ↗ e /A)ε

]
Fµω = ϑµAω ↗ ϑωAµ (2.1)

determines the electric field E
i = F

i0 = ↗ϑ0A
i to be conjugate to Ai (i = 1, 2, 3), and iε

† to be conjugate to ε. This
gives the non-vanishing canonical commutation relations,

[
E

i(t,x), Aj(t,y)
]
= i ϖ

ij
ϖ(x↗ y)

{
ε

†
ε(t,x), εϑ(t,y)

}
= ϖεϑ ϖ(x↗ y) (2.2)

The temporal gauge condition A
0 = 0 does not completely fix the gauge. It allows time independent gauge transfor-

mations, which are generated by Gauss’ operator G(t,x),

G(t,x) ↘ ϖSQED

ϖA0(t,x)
= → ·E(t,x)↗ eε

†
ε(t,x) (2.3)

The gauge invariance of physical states is ensured by requiring them to be invariant under the gauge transformations
generated by G(t,x),

G(t,x) |phys→ =
[
→ ·E(t,x)↗ eε

†
ε(t,x)

]
|phys→ = 0 G(t,x) |0→ = 0 (2.4)

If this condition holds at t = 0 it is valid at all times since G(t,x) commutes with the Hamiltonian, [G(t,x), H(t)] = 0.

To illustrate, consider a free electron state created by b
†
p,ϖ at t = 0,

∣∣e↑;p, ϱ
〉
0
↘ b

†
p,ϖ |0→ =

∫
dxε

†(t = 0,x)u(p, ϱ)eip·x |0→ (2.5)

This state is unphysical in temporal gauge since G(x) |e↑;p, ϱ→0 ↔= 0. A fully gauge fixed, physical electron state at
t = 0 includes a longitudinal photon field AL,

∣∣e↑;p, ϱ
〉
↘

∫
dxε

†(x)u(p, ϱ)eip·x
W [AL;x] |0→ (2.6)

W [AL;x] = exp
[
i

∫
dyAL(y) ·→yA(y,x)

]

The derivative→y of the c-numbered functionA(y,x) is included for convenience. The field ordering in the exponential
W [AL;x] is irrelevant since

[
A

j(t,x), Ak(t,y)
]
= 0.

The fermion contribution to G(t = 0, z) (2.4) gives, when operating on the state (2.6),

↗e ε
†
ε(z)

∣∣e↑;p, ϱ
〉
= ↗e ε

†(z)u(p, ϱ)eip·z
W [AL; z] |0→ (2.7)

This should be cancelled by the → ·E term in Gauss operator (2.3). Since

[→z ·E(z), W [AL;x]] = W [AL;x] i
2→z ·

∫
dy ϖ(z ↗ y)→yA(y,x) = ↗W [AL;x]→2

zA(z,x) (2.8)

we require

→2
zA(z,x) = ↗e ϖ(z ↗ x) i.e., A(z,x) =

e

4ς|z ↗ x| (2.9)

The electric field  is conjugate to .E = − ∂tA −A

3

For color singlet states we may then consider solutions of Gauss’ law for its colored components (such as |qRq̄R→) in
which Ea

L(t,x ↑ ↓) ↔= 0. It turns out that space translation and rotation symmetry require the qq̄ potential to have
the form (1.3) for any quark mass. The confinement scale V

→ is thus introduced via a boundary condition on the
instantaneous gauge field Ea

L.

It is possible to consider QCD bound states at O
(
ω

0
s

)
, keeping only the V

→
r confining potential in (1.3). The O

(
ω

0
s

)

states have features in common with physical hadrons, including linear Regge trajectories [8]. Unlike in QED boost
invariance is ensured is ensured at O

(
ω

0
s

)
, without O (ωs) transverse gluon contributions, see Appendix A.

II. TEMPORAL GAUGE

Temporal gauge, A
0(t,x) = 0, is reviewed in [3–7]. Here I only recall some of its features in QED. The action

SQED =

∫
d
4
x
[
↗ 1

4FµωF
µω + ε̄(i/ϑ ↗ m ↗ e /A)ε

]
Fµω = ϑµAω ↗ ϑωAµ (2.1)

determines the electric field E
i = F

i0 = ↗ϑ0A
i to be conjugate to Ai (i = 1, 2, 3), and iε

† to be conjugate to ε. This
gives the non-vanishing canonical commutation relations,

[
E

i(t,x), Aj(t,y)
]
= i ϖ

ij
ϖ(x↗ y)

{
ε

†
ε(t,x), εϑ(t,y)

}
= ϖεϑ ϖ(x↗ y) (2.2)

The temporal gauge condition A
0 = 0 does not completely fix the gauge. It allows time independent gauge transfor-

mations, which are generated by Gauss’ operator G(t,x),

G(t,x) ↘ ϖSQED

ϖA0(t,x)
= → ·E(t,x)↗ eε

†
ε(t,x) (2.3)

The gauge invariance of physical states is ensured by requiring them to be invariant under the gauge transformations
generated by G(t,x),

G(t,x) |phys→ =
[
→ ·E(t,x)↗ eε

†
ε(t,x)

]
|phys→ = 0 G(t,x) |0→ = 0 (2.4)

If this condition holds at t = 0 it is valid at all times since G(t,x) commutes with the Hamiltonian, [G(t,x), H(t)] = 0.

To illustrate, consider a free electron state created by b
†
p,ϖ at t = 0,

∣∣e↑;p, ϱ
〉
0
↘ b

†
p,ϖ |0→ =

∫
dxε

†(t = 0,x)u(p, ϱ)eip·x |0→ (2.5)

This state is unphysical in temporal gauge since G(x) |e↑;p, ϱ→0 ↔= 0. A fully gauge fixed, physical electron state at
t = 0 includes a longitudinal photon field AL,

∣∣e↑;p, ϱ
〉
↘

∫
dxε

†(x)u(p, ϱ)eip·x
W [AL;x] |0→ (2.6)

W [AL;x] = exp
[
i

∫
dyAL(y) ·→yA(y,x)

]

The derivative→y of the c-numbered functionA(y,x) is included for convenience. The field ordering in the exponential
W [AL;x] is irrelevant since

[
A

j(t,x), Ak(t,y)
]
= 0.

The fermion contribution to G(t = 0, z) (2.4) gives, when operating on the state (2.6),

↗e ε
†
ε(z)

∣∣e↑;p, ϱ
〉
= ↗e ε

†(z)u(p, ϱ)eip·z
W [AL; z] |0→ (2.7)

This should be cancelled by the → ·E term in Gauss operator (2.3). Since

[→z ·E(z), W [AL;x]] = W [AL;x] i
2→z ·

∫
dy ϖ(z ↗ y)→yA(y,x) = ↗W [AL;x]→2

zA(z,x) (2.8)

we require

→2
zA(z,x) = ↗e ϖ(z ↗ x) i.e., A(z,x) =

e

4ς|z ↗ x| (2.9)

Canonical commutators:

Time-independent gauge transformations preserve A0 = 0

3

For color singlet states we may then consider solutions of Gauss’ law for its colored components (such as |qRq̄R→) in
which Ea

L(t,x ↑ ↓) ↔= 0. It turns out that space translation and rotation symmetry require the qq̄ potential to have
the form (1.3) for any quark mass. The confinement scale V

→ is thus introduced via a boundary condition on the
instantaneous gauge field Ea

L.

It is possible to consider QCD bound states at O
(
ω

0
s

)
, keeping only the V

→
r confining potential in (1.3). The O

(
ω

0
s

)

states have features in common with physical hadrons, including linear Regge trajectories [8]. Unlike in QED boost
invariance is ensured is ensured at O

(
ω

0
s

)
, without O (ωs) transverse gluon contributions, see Appendix A.

II. TEMPORAL GAUGE

Temporal gauge, A
0(t,x) = 0, is reviewed in [3–7]. Here I only recall some of its features in QED. The action

SQED =

∫
d
4
x
[
↗ 1

4FµωF
µω + ε̄(i/ϑ ↗ m ↗ e /A)ε

]
Fµω = ϑµAω ↗ ϑωAµ (2.1)

determines the electric field E
i = F

i0 = ↗ϑ0A
i to be conjugate to Ai (i = 1, 2, 3), and iε

† to be conjugate to ε. This
gives the non-vanishing canonical commutation relations,

[
E

i(t,x), Aj(t,y)
]
= i ϖ

ij
ϖ(x↗ y)

{
ε

†
ε(t,x), εϑ(t,y)

}
= ϖεϑ ϖ(x↗ y) (2.2)

The temporal gauge condition A
0 = 0 does not completely fix the gauge. It allows time independent gauge transfor-

mations, which are generated by Gauss’ operator G(t,x),

G(t,x) ↘ ϖSQED

ϖA0(t,x)
= → ·E(t,x)↗ eε

†
ε(t,x) (2.3)

The gauge invariance of physical states is ensured by requiring them to be invariant under the gauge transformations
generated by G(t,x),

G(t,x) |phys→ =
[
→ ·E(t,x)↗ eε

†
ε(t,x)

]
|phys→ = 0 G(t,x) |0→ = 0 (2.4)

If this condition holds at t = 0 it is valid at all times since G(t,x) commutes with the Hamiltonian, [G(t,x), H(t)] = 0.

To illustrate, consider a free electron state created by b
†
p,ϖ at t = 0,

∣∣e↑;p, ϱ
〉
0
↘ b

†
p,ϖ |0→ =

∫
dxε

†(t = 0,x)u(p, ϱ)eip·x |0→ (2.5)

This state is unphysical in temporal gauge since G(x) |e↑;p, ϱ→0 ↔= 0. A fully gauge fixed, physical electron state at
t = 0 includes a longitudinal photon field AL,

∣∣e↑;p, ϱ
〉
↘

∫
dxε

†(x)u(p, ϱ)eip·x
W [AL;x] |0→ (2.6)

W [AL;x] = exp
[
i

∫
dyAL(y) ·→yA(y,x)

]

The derivative→y of the c-numbered functionA(y,x) is included for convenience. The field ordering in the exponential
W [AL;x] is irrelevant since

[
A

j(t,x), Ak(t,y)
]
= 0.

The fermion contribution to G(t = 0, z) (2.4) gives, when operating on the state (2.6),

↗e ε
†
ε(z)

∣∣e↑;p, ϱ
〉
= ↗e ε

†(z)u(p, ϱ)eip·z
W [AL; z] |0→ (2.7)

This should be cancelled by the → ·E term in Gauss operator (2.3). Since

[→z ·E(z), W [AL;x]] = W [AL;x] i
2→z ·

∫
dy ϖ(z ↗ y)→yA(y,x) = ↗W [AL;x]→2

zA(z,x) (2.8)

we require

→2
zA(z,x) = ↗e ϖ(z ↗ x) i.e., A(z,x) =

e

4ς|z ↗ x| (2.9)

Physical states must be fully gauge fixed: G(t, x) |phys⟩ = 0

Gauss’ operator  generates 
time-independent gauge transformations

G(t, x)

An electron state  without its Coulomb field is gauge dependent. b†(p, λ) |0⟩

 and its conjugate field vanishA0
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24Confining potential from κ x ⋅ (x1 − x2)

= −CF
αs

|x1 − x2 |
+ CFgκ (x1 − x2)2 +

1
2

CF κ2 (x1 − x2)2 ∫ dx

In the last term  Volume of space: Must be universal (the same for all states).∫ dx ∝

 κ ≡
Λ2

CFg
1

|x1 − x2 |
gives the energy density of the ground state:   ℰΛ =

Λ4

2CFg2

and potential energy  V(x1 − x2) = Λ2 |x1 − x2 | − CF
αs

|x1 − x2 |  is the only free parameter.Λ

1
2 ∫ dx[E2

L.a(x), Wκ[AL; x1, x2]] = Wκ[AL; x1, x2]
1
2 CF ∫ dx[ g

4π
∇x( 1

|x − x1 |
−

1
x − x2

) + κ (x1 − x2)]2

Contribution of  field to Hamiltonian:AL



25Quarkonia

The  and  states are described by the Schrödinger eq. with the “Cornell potential”cc̄ bb̄

V (r) = V 0r � 4

3

↵s

r
<latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit><latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit><latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit><latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit>

V′￼ ≃ 0.18 GeV2, αs(m2
c ) ≃ 0.39
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I. INTRODUCTION

Quarkonium spectroscopy has celebrated a great re-
surgence in the past few years thanks to a wealth of new
information, primarily from electron-positron colliders,
but also from hadronic interactions. Transitions between
quarkonium states shed light on aspects of quantum
chromodynamics !QCD", the theory of the strong inter-
actions, in both the perturbative and nonperturbative re-
gimes. In the present paper we review the new informa-
tion on these states and their transitions and indicate
theoretical implications, updating earlier discussions
such as those by Kwong et al. !1987, 1988"; Kwong and
Rosner !1988"; Godfrey and Rosner !2001a, 2001b,
2002"; Barnes and Godfrey !2004"; Brambilla et al.
!2004"; Eichten et al. !2004" !which may be consulted for
explicit formulas".

We deal with states composed of a heavy quark Q=c
or b and the corresponding antiquark Q̄. We discuss QQ̄
transitions primarily to other QQ̄ states, with some ref-
erence to processes involving QQ̄ annihilation, and
largely bypass decays to open flavor #treated, for ex-
ample, by Barnes and Godfrey !2004"; Brambilla et al.
!2004"; Eichten et al. !2004, 2006"; Barnes et al. !2005"$.

A brief overview of the data on the charmonium and
bottomonium systems is provided in Sec. II. We then
review theoretical underpinnings in Sec. III discussing
quarks and potential models, lattice gauge theory ap-
proaches, perturbative QCD and decays involving glu-
ons, and hadronic transitions of the form QQ̄→ !QQ̄"!
+ !light hadrons". Section IV is devoted to charmonium.
Section V treats the bb̄ levels and includes a brief men-
tion of interpolation to the bc̄ system. Section VI pro-
vides a summary.

II. OVERVIEW OF QUARKONIUM LEVELS

Since the discovery of the J /% more than 30 years ago,
information on quarkonium levels has grown to the
point that more is known about the cc̄ and bb̄ systems
than about their namesake positronium, the bound state
of an electron and a positron. The present status of char-
monium !cc̄" levels is shown in Fig. 1, while that of bot-
tomonium !bb̄" levels is shown in Fig. 2. The best-

established states are summarized in Tables I and II.
The levels are labeled by S, P, D, corresponding to

relative orbital angular momentum L=0,1 ,2 between
quark and antiquark. !No candidates for L&3 states
have been seen yet." The spin of the quark and anti-
quark can couple to either S=0 !spin-singlet" or S=1
!spin-triplet" states. The parity of a quark-antiquark
state with orbital angular momentum L is P= !−1"L+1;
the charge-conjugation eigenvalue is C= !−1"L+S. Values
of JPC are shown at the bottom of each figure. States are
often denoted by 2S+1#L$J, with #L$=S ,P ,D , . . . . Thus
L=0 states can be 1S0 or 3S1; L=1 states can be 1P1 or
3P0,1,2; L=2 states can be 1D2 or 3D1,2,3, and so on. The
radial quantum number is denoted by n.

III. THEORETICAL UNDERPINNINGS

A. Quarks and potential models

An approximate picture of quarkonium states may be
obtained by describing them as bound by an interquark
force whose short-distance behavior is approximately

M
as

s
(G

eV
/c
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V´r is treated as a classical potential. 
It involves the confinement scale V´.

Transitions are calculated  
perturbatively in , as in QED.αs

(1980)
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26Lattice QCD confirmed the Cornell potential

even a pure Coulomb potential, σ = 0, implies a non-vanishing σeff at finite t ! r.
Of course, the symmetry of the Wilson loop under interchange of r and t also implies
that no plateau in V (r, t) can be found, unless t " r. For smeared Wilson loops, one
would still expect a similar 1/t2 approach (with a different coefficient) of σeff towards
the asymptotic limit, while effective masses, V (r, t), will approach V (r) exponentially
fast at any r.

4.7.2 The quenched potential
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Figure 4.2: The quenched Wilson action SU(3) potential, normalised to V (r0) = 0.

In Figure 4.2, we display the quenched potential, obtained at three different β values
in units of r0 ≈ 0.5 fm from the data of Refs. [173, 29]. The lattice spacings, determined
from r0, correspond to a ≈ 0.094 fm, 0.069 fm and 0.051 fm, respectively. The curve
represents the Cornell parametrisation with e = 0.295. At small distances the data
points lie somewhat above the curve, indicating a weakening of the effective coupling
and, therefore, asymptotic freedom. We will discuss this observation later. All data
points for r > 4a collapse onto a universal curve, indicating that for β ≥ 6.0 the scaling
region is effectively reached for the static potential. Moreover, continuum rotational
symmetry is restored: in addition to on-axis separations, many off-axis distances of the
sources have been realised and the corresponding data points are well parameterised by
the Cornell fit for r > 0.6 r0. Prior to comparison between the potential at various β,
the additive self-energy contribution, associated with the static sources, that diverges
in the continuum limit has been removed. This is achieved by the parametrisation-
independent normalisation of the data to V (r0) = 0.

42

The quenched Wilson 
action SU(3) potential.

Gunnar S. Bali, Phys.Rept. 343 (2001) 1

V (r) = V 0r � 4

3

↵s

r
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27Gribov: Freezing of αs

Gribov, hep-ph/9807224 and hep-ph/9902279
Dokshitzer and Kharzeev, hep-ph/0404216 αcrit

s = πC−1
F (1 − 2/3) ≃ 0.43

5 Spontaneous symmetry breaking in asymptotically
free theories

In the present section we will consider the equation for the fermion Green’s function in QCD

∂2G−1(q) = g(q)∂µG
−1(q)G(q)∂µG

−1(q) , (73)

where

g(q) =
α(q2)

π
λaλa =

4α(q2)

3π
.

This equation was discussed extensively [1] in connection with the problem of quark con-
finement. Here we shall use the equation for the discussion of the spontaneous breaking of
chiral symmetry in asymptotically free theories. The asymptotic freedom is reflected in this
equation by the fact that α(q2) decreases when q2 → ∞. We will assume that in the limit
q → 0 α(q2) approaches a finite value.

g

q2

g(0)

Figure 1

At q2 → ∞ the solution of the equation (73) has the form

G−1(q) = Z−1

[

(m− q̂) +
ν31
q2

+
ν42 q̂

q4

]

, (74)

q̂ = γµqµ .

If α = 0, the quantities Z, m, ν1, ν2 are arbitrary parameters. In the case when α(q2) is
defined by perturbation theory, Z,m, ν1, ν2 are the following functions:

Z = Z0

(

α

α0

)γZ

, m = m0

(

α

α0

)γm

, ν1,2 = ν01,2

(

α

α0

)γ1,2

. (75)

The anomalous dimensions γZ , γm and γ1,2 can easily be found from the equation (73).
Generally speaking, the solution depends on four parameters. In the limit q2 → ∞ the
chiral invariant solution can be written as

G−1 = −Z−1q̂

(

1−
ν42
q4

)

. (76)

The general solution (74) corresponds to massive quarks. In the solution which corresponds
to spontaneously broken chiral symmetry, m0 = 0. In this case the mass term decreases
when q2 → ∞; the term ν1 is responsible for the violation of the symmetry.
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There is a critical value of  :αs

At  the structure of the vacuum 
changes and the coupling freezes.

αcrit
s

5

PDG
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QCD αs(Mz) = 0.1185 ± 0.0006
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Figure 9.4: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).
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28Instantaneous potentials for other singlet states

:q(x1)q(x2)q(x3) Vqqq =
Λ2

2
(x1 − x2)2 + (x2 − x3)2 + (x3 − x1)2 −

2
3

αs( 1
|x1 − x2 |

+
1

|x2 − x3 |
+

1
|x3 − x1 | )

:g(x1)g(x2) Vgg =
Nc

CF
Λ2 |x1 − x2 | − Nc

αs

|x1 − x2 |

:q(x1)q̄(x2)g(xg) Vqq̄g =
Λ2

CF

1
4 (Nc−

2
Nc

)(x1 − x2)2 + Nc(xg−
1
2 x1−

1
2 x2)2 +

αs

2 [ 1
Nc

1
|x1 − x2 |

− Nc( 1
|x1 − xg |

+
1

|x2 − xg | )]

Consistency conditions:

Vqqq(x1, x2, x2) = Vqq̄(x1, x2)

Vqq̄g(x1, x2, x2) = Vqq̄(x1, x2)

Vqq̄g(x1, x1, xg) = Vgg(x1, xg)
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29Bound state equation for mesons

8

Choosing the x-coordinates such that x1 = (0, 0, ω), x2 = (0, 0,→ω) are on the z-axis with ω > 0,

I(ω) = 2ω

∫ →

↑→
dz

∫
d
2x↓

{
z → ω

[x2
↓ + (z → ω)2]3/2

→ z + ω

[x2
↓ + (z + ω)2]3/2

}
(5.4)

The x↓ integral gives
∫

d
2x↓

(x2
↓ + a2)3/2

= 2ε

∫ →

0

x↓dx↓

(x2
↓ + a2)3/2

= →2ε
/→

0

1

(x2
↓ + a2)1/2

=
2ε

| a | (5.5)

Hence

I(ω) = 4εω

∫ →

↑→
dz

(
z → ω

|z → ω| →
z + ω

|z + ω|

)
= 4εω

∫ ω

↑ω
dz (→2) = →16εω

2 = →4ε(x1 → x2)
2 (5.6)

Using this in (5.2) the energy of the longitudinal electric field in the |qq̄↑ bound state (4.4) with W ↓ Wε becomes
∫

dx 1
2

[
Ea

L(x)
]2 |qq̄↑ =

∫
dx1dx2 ϑ̄(x1)

[ →CFϖs

|x1 → x2|

+ CF gϱ(x1 → x2)
2 + 1

2CFϱ
2(x1 → x2)

2

∫
dx

]
!(x1 → x2)Wε[AL;x1,x2]ϑ(x2) |0↑ (5.7)

The O
(
ϱ

2
)
term contributes a constant field energy density, with total energy proportional to the volume of space.

This is irrelevant only if it is universal, i.e., the same for all Fock states of all bound states. In |qq̄↑ we must then
have ϱ ↔ 1/|x1 → x2|. We may define the universal field energy density E! in terms of a constant ” by

ϱ =
”2

CF g

1

|x1 → x2|
E! =

”4

2CF g2
(5.8)

Subtracting the (infinite) field energy E!

∫
dx in (5.7) defines the potential V (x), which with V

↔ = ”2 agrees with
the Cornell potential (1.3) for any quark mass,

∫
dx 1

2

[
Ea

L(x)
]2 |qq̄↑ =

∫
dx1dx2 ϑ̄(x1)

[
→ CF

ϖs

|x1 → x2|
+ ”2 |x1 → x2|

]
!(x1 → x2)Wε[AL;x1,x2]ϑ(x2) |0↑

V (x) = ”2|x|→ CF
ϖs

|x| (5.9)

The scale ” was introduced through a boundary condition on Gauss’ law, so it is independent of the coupling ϖs.
There are O (ϖs) interactions also from transverse gluon exchange, i.e., |qq̄ g↑ intermediate states (see Fig. 1). In
QED these contribute at leading order in ϖ to the binding energy of atoms in motion [9]. Here we may set ϖs = 0
and conclude that the O

(
ϖ

0
s

)
bound states must be boost covariant. I verify this in Appendix A.

Consider now a |qq̄↑ bound state with mass M and CM momentum P . Adding a plane wave factor to (4.4),

|qq̄;M,P ↑ ↗
∫

dx1dx2 ϑ̄(x1)e
iP ·(x1+x2)/2 !(P )(x1 → x2)Wε[AL;x1,x2]ϑ(x2) |0↑ (5.10)

The eigenstate condition HQCD |qq̄;P ↑ = EP |qq̄;P ↑ defines the Bound State Equation (BSE) for the wave function
!(P )(x). At O

(
ϖ

0
s

)
, i.e., keeping only the linear potential in (5.9) and neglecting the O (g) interactions in the

Hamiltonian (4.3),

i→ ·
{
ω,!(P )(x)

}
→ 1

2P ·
[
ω,!(P )(x)

]
+ m

[
ς

0
,!(P )(x)

]
=

[
EP → V (x)

]
!(P )(x) (5.11)

where V (x) = ”2|x|. The P -dependence of EP =


P 2 + M2 follows from the boost covariance of the state |qq̄;M,P ↑
(Appendix A), and can also be seen from (5.11) [8].

Introducing the kinetic energies of the quark and antiquark as,

↗
H
P
↗ (→ 1

2P + i

↗
→) ·ω+ ς

0
m

↘
H
P
↗ (→ 1

2P → i

↘
→) ·ω+ ς

0
m

↗
H

2

P
= (→ 1

2P + i

↗
→)2 + m

2
↘
H

2

P
= (→ 1

2P → i

↘
→)2 + m

2

↗
H

2

P
→

↘
H

2

P
= →2iP ·→ (5.12)

BSE:  HQCD |qq̄; M, P⟩ = EP |qq̄; M, P⟩

 : , with  in  𝒪(α0
s ) V(x) = Λ2 |x | g = 0 HQCD Lowest order in perturbative expansion
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∫
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↔ = ”2 agrees with
the Cornell potential (1.3) for any quark mass,

∫
dx 1

2

[
Ea

L(x)
]2 |qq̄↑ =

∫
dx1dx2 ϑ̄(x1)

[
→ CF

ϖs

|x1 → x2|
+ ”2 |x1 → x2|

]
!(x1 → x2)Wε[AL;x1,x2]ϑ(x2) |0↑

V (x) = ”2|x|→ CF
ϖs

|x| (5.9)
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The eigenstate condition HQCD |qq̄;P ↑ = EP |qq̄;P ↑ defines the Bound State Equation (BSE) for the wave function
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ϖ

0
s

)
, i.e., keeping only the linear potential in (5.9) and neglecting the O (g) interactions in the
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i→ ·
{
ω,!(P )(x)

}
→ 1

2P ·
[
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]
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ς

0
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]
=
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where V (x) = ”2|x|. The P -dependence of EP =
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P 2 + M2 follows from the boost covariance of the state |qq̄;M,P ↑
(Appendix A), and can also be seen from (5.11) [8].

Introducing the kinetic energies of the quark and antiquark as,

↗
H
P
↗ (→ 1

2P + i

↗
→) ·ω+ ς

0
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↘
H
P
↗ (→ 1

2P → i

↘
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→
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Poincaré covariant

 : Radial & angular variables separate,  of states determinedP = 0 JPC

No quark model exotic states

Chiral symmetry for  : Parity doubletsm = 0

+ + …

|qq̄⟩ |qq̄ g⟩

𝒪(α0
s ) 𝒪(αs)

AL ALAT
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30 Example:  states at , P = 0−ηP = ηC = (−1)j 𝒪(α0
s )

��+(x) =
h 2

M � V
(i↵ ·

!
r+m�0) + 1

i
�5 F1(r)Yj�(x̂)

F 00
1 +

⇣2
r
+

V 0

M � V

⌘
F 0
1 +

h
1
4 (M � V )2 �m2 � j(j + 1)

r2

i
F1 = 0 Radial equation

Regularity of the wave function determines the bound state masses M

• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •

5 10 15 20

1

2

3

4

5

6

j
m = 0

M2/V′￼

Linear Regge trajectories
with daughters:

Spectrum similar to
dual models
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31Breaking of chiral symmetry at mq = 0
Massless (M = 0)  state    for  : Poincaré invariant, can mix with vacuumJPC = 0++ σ m = P = 0

BSE:  i∇ ⋅ {α, Φσ(x)} + V′￼r Φσ(x) = 0 Φσ(x) = Nσ[J0(
1
4 V′￼r2) +

iα ⋅ x
r

J1(
1
4 V′￼r2)]

̂σ |0⟩ = ∫ dx1dx2 q̄(x1)Φσ(x1 − x2)Wκ[AL; x1, x2]q(x2) |0⟩  massless isospin doubletq = (u
d)

Generator of chiral transformations: Q5j = ∫ dxq†(x)γ5
1
2 τj q(x)

Massless  pion:   JPC = 0−+ i[Q5j, ̂σ] = ̂πj with  Φπj(x) = − iτjγ5 Φσ(x)

Define  condensate vacuum:  σ |σ⟩ = exp( ̂σ) |0⟩ Ground state is not chiral invariant.

Build states with  : Preserves  , but breaks chiral invariance: no parity doublets.|0⟩ → |σ⟩ JPC

Preliminary suggestion for . Requires further study.χSB
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32Hadron masses from Lattice QCD

BMW Collaboration,

Science 322 (2008) 1224 [0906.3599]

A. S. Kronfeld, Annu. Rev. Nucl. 

Part. Sci. 62 (2012) 265 [1203.1204]


