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Introduction

Using integrability to study the AdS/CFT duality has been a very succesful
approach

* Scaling dimension of long operators found by diagonalising the Dilatation
operator using the Bethe ansatz.

* Agrees with the energy of semiclassical spinning strings up to 3 loops.
* Agreement on the level of actions, etc.

* Succes largely due to integrability
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Introduction

Gauge-string duality for less supersymmetry?

Marginal deformations of A/ = 4 with deformation parameter 3, also called

B-deformations [Leigh, Strassler]
=
Strings in the Lunin-Maldacena background AdS5 x Sg [Lunin, Maldacena]

Possible to define semiclassical strings on this background, string energies
typically of the form

A
e

Also: Extension to three deformation parameters (31, B2 and (3s. [Frolov] [Beisert,
Roiban]

E=J(1+4N(e1 +ex(BJ) +e3(B)°) + ON?)) X

Parameters are allowed to be complex.
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The Lunin-Maldacena background

Obtained by deforming the string sigma model in AdSs x S° by making a TsT
transformation.
Sigma model on S°:

Sgs = —? /dT/ ;Z_jr (’yO‘B@aT’iaﬁm + 77 0a¢:0pp: + A(r; — 1))
Original proposal: Change of variables ¢;1 = ©3 — ©a, 2 = ©1 + 2 + w3,
$3 = 3 — Q1

1) T-duality on circle parametrised by ¢,
2) Shift p2 — w2 + Y1

3) T-duality on circle parametrised by ¢

VA do .
§=-2 / dr / e ﬁ[(aamam+Gr%aa¢iag¢i+v2Gr%r%r§§ijaa¢iZé>ﬁ¢j)

J
—2§Ge*? (r{r30a¢10p¢2 + 137300 320563 + 1377 0ad3dad1) + A(r] — 1)}

Gt = 144233 + 23 4+ 13rd)
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The Lunin-Maldacena background

This can be generalized to generate a three parameter deformation. Apply a
sequence of TsT dualities:

* TST on (¢1, ¢2) T-duality on ¢1 and shift by 43 on ¢-
* TST on (¢2, ¢3) T-duality on ¢ and shift by 41 on ¢3

* TST on (¢3, ¢1) T-duality on ¢3 and shift by 42 on ¢,

The dual background for complex parameters, 3, = 4; + 65, IS found by per-
forming SL(2,R) transformations. l.e. a sequence of S,Ts,TS; "' gives the

three complex parameter background
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(3-deformed N = 4 SYM

Superpotential in N/ = 4
WN:4 = TI’((I)1CI32(D3 — @1@3@3)
Two exactly marginal deformations in NV = 4

Wiaer = Tr(e™ @1 0205 — e ™ &1 B3d3) + A/ Tr(®F + &5 + ®3)

The resulting theory is N/ = 1 supersymmetric and conformal.

Set ' = 0.
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(3-deformed N = 4 SYM

In terms of component fields
V= Tr(|e”561>1<1>2 — e Py |? + |e P PyPs — e PPy Dy
+e™ B3Py — e_mﬁq)l@?f) +Tr ([@1, D1]% + [®2, P2]” + [@5, P3]°)
Introduce a more general deformation 3 (6) parameter deformation
V= Tr(|e§“51c1>1c1>2 — e PPy D |2 4 |2 By B3 — e P2 P3Py

e By — e—iW53q>1c1>3|2) + Tr ([®1, D1]° + [@2, P2]” + [P3, Ps]?)

B; € C This deformation is not supersymmetric but conformal.
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Dilatation operator in the deformed theory

Consider operators in N/ = 4 of the form
O(x) =Tr(X*Y722Z73 +..)) X,Y, Z chiral scalars

Dilatation operator associated with su(3) nearest neighbour ferromagnetic spin
chain.

J
A A
D= " Z Hy g1 = 32 ; lik+1 — Prk+1)

[Minahan, Zarembo].

This is generalized to the full theory giving the dilatation operator in psu(2, 2|4).
Higher loops introduce interactions beyond nearest neighbours.
We can write the su(3) hamiltonian in terms of the generators

Eij|k) = 0;k|1)
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Dilatation operator

The su(3) sectorin N =4

H;uk(i)l E-OOEk:—i—l 4 E11Ek+1 4 EOOEk—I—l 4 E22Ek—|—1 4 E11Ek+1 4 E.22E.k:—|—1
—E12E"“+1 _ EglEk+1 _ ElOEk+1 E01Ek+1 E.20Ek:—|—1 N E&E%ﬂ

On matrix form ( o 0 O O O 0O o0 0 o0 \
0 1 0 -1 0 0 0 0 0
0 0 1 0 0 0 -1 0 0
0 -1 0 1 0 0 0 0 0
H*® =109 0 0 0 0 0O 0 0 0
0 0 0 0 0 1 0 -1 0
O 0 -1 0 0 0 1 0 O
0O 0 0 0 0 —-1 0 1 0
L0 0 0 0 0 0 0 0 0)
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The deformed dilatation operator

Use the notation ¢; = '™ = r;e"

Fou3) _ EooEkH +T§E1f1Ek;+1 X gEOOEkH 4 E22Ek:+1 + E’flEk:Jrl 4 2E22Ek+1

k k41

—rie —i7 E12Ek+1 —7r el E21Ek+1 — 7o 67’72E10Ek+1 — 7o

_,’,,36 Z’}/3 E20Ek’,‘|—1 _ ’T' 67,’)/3 E02Ek)‘|—1
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Integrability?

Is the model integrable?

* su(2): Yes, always! [Berenstein, Cherkis]
* su(3): Yes,whenr; =1 [Beisert, Roiban]
No,whenr; =ro=rs=r,v1 =y =73 =7 [Berenstein, Cherkis]

Maybe not when r; # 1, v1 # v2 £ 73 ...

Investigate this!

More general: Any Hamiltonian with U (1) symmetry

1
Hk,,k—{—

Bl Bl ST e JH S BT e B B == BB R A S
G EH B T A E T e G B T == Eg B B A B
+ Hé(l)EmEkH + HSSEQOE’““ — H28E22E00 — H02 EooF2o + H02 FEo2 Eog,

|
Deformations in AdS/CFT — p.12/30



A general Hamiltonian

(H®Y o o 0 0 0 0 0 0 )
0 H)YY 0o HY)p 0 0 0 0 0
0 0 HY)Y 0 0 0 HY 0 0
0 H) o0 H{ o0 0 0 0 0
H = 0 0 0 0 H{ o0 0 0 0
0 0 0 0 0 H{z 0 H}# 0
0 0 Hi 0 0 0 HZ 0 0
0 0 0 0 0 HZ 0 H 0
\ 0 0 0 0 0 0 0 0 HZ3

Require hermiticity: His = (H31)* = rie™, Hys = (HES)* = ree2, HyY =
(H{p)* = r3e*3, diagonal terms real. Not all parameters are physical, we are
allowed to rescale and add/subtract number operators.= 9 physical parameters

When is this model integrable?
|
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Investigating integrability

Integrability < Factorized scattering
Consider an N particle process: scattering occurs as a sequence of
two-particle scatterings, in the case of 3 particles:

Alternative more technical definition: Existence of an R-matrix that satisfies the
Yang-Baxter equation
R12R13R23 _ R23R13R12

leads to an infinite number of commuting charges. |
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Investigating integrability

Yang-Baxter equation represented graphically

J1,72,73 J1,72,73

R (w—v)R; 52 (w)R; 22 (v) = B2 (v) Ry 2 (W RS2 (u — v)

Factorized scattering leads to a similar relation for the S-matrix

5%711322 (pil 7pi2)Sj11z?33 (pil 7p733>Sj22j33 (pi27p733> - 5%7223; (pil 7pi2)sf2711j33 (pil 7p733>Sj11j22 (pi27p733>
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Eliminating the phases in the Hamiltonian

3 Z m n
Hj = exp (g(ﬁijmv — €kln?Y )) H}y

Corresponding R-matrices

~ Ll 1 o - Ik
R;; = exp (§(€ijm7 — €kin?Y )) siep

If the Hamiltonian is integrable without phases it is also integrable with.

2 b v m n kl
H;; = exp _g(eijm’Y —erny ) | Hij

Corresponding R-matrices

=l 1 m n lk
R;; = exp _i(eiij — €kinY ) R;;

If the Hamiltonian is integrable with phases it is also integrable without.
|
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The S-matrix

Find the S-matrix and investigate when it satisfies the Yang-Baxter equation!
What do we scatter? Excitations on a spin chain! For our hamiltonian we have
two types of excitations (for the su(2) sector just one).

O(zx) = XXXYXXYX = | 11111111)

Cra

Tr — periodic chain. '

We have
O(x) = XXYZXY XX = |00120100)

Spin chain with two types of excitations.

|
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Obtaining the S-matrix

Choose a reference state, 0000000 . .) for instance. One-excitation states
|00000100000)  |00000200000).

Consider scattering of excitations:
00000010000100000

)
00000020000200000)
00000010000200000)
00000020000100000)

Act with the Hamiltonian on eigenstates

lq lo

. i i
ij) = bi;(l1,12)[00 i 000 5 000...)
1<l1<l2<L

Infinitely long chains. Need an ansatz ;;(l1,l2).
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Obtaining the S-matrix

Case of two particles of the same type, particles exchange momenta as they

scatter
P11(l1,l2) = ePrirtipala | d(pg,pl)eimlﬁ“’ll2
Apply H to this
H = HY E§, BN + HI EF, BN L HIQ BY, EFFY 4 HOY BE EREY v EE BN 4rs EE EFFY 4
00—00 11—11 10—01 01—01 01—10 10—01
lo >0 +1:

Euni(la,le) = (Hoo (L — 4) + 2H1s + 2Hopy ) Y11 (I, l2) + s {11 (I + 1,12) + 11 (l1, la + 1)
+p11(l — 1,02) +11(l,l2 — 1)}

lo =101 +1:
Ei1vi1(l1,1l2) = (H88 T H811) Yi1(l1,l2) +r3{vi1(li,lo + 1) + 11 (lh — 1,12)}
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Obtaining the S-matrix

We obtain the energy
F11 = Hoo(L — 4) + 2H1y + 2Hgi + 72 (eipl +e®P2 4 P 4 e_im) :
...and (part of) the S-matrix

Sleim +€ip1+ip2 +1
8167;]92 —|— eip1+ip2 —|— 1

d(p1,p2) = — s1 = (Hyp — Hoo — Hix + Hoy)
Same thing for 2 — 2 scattering
Fop = HO(L — 4) + 2H2 + 2H® + ry (e“’l 4 P2 4 o1 e_im) ,

82673101 +€ip1+ip2 +1
SoeiP2 4 eip1+ip2 4 1’

a(p1,p2) = — so = (Hzy — Hop — Has + Hyz)/r2.

|
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Obtaining the S-matrix

Scattering of two different particles

lo >1;+1:

Evna(li,la) = (Hoo(L—4)+ Hio + Hoi + Hay + Hps ) th12(la, la)
+r2 (P12(lh + 1,12) + 12(l1 — 1,12))
+r3 (Y12(l1,l2 + 1) +12(ls — 1,12)),

Eyoi(l,l2) = (Hoo(L —4)+ Hig + Hor + Hao + Hos ) a1 (1, l2)
+7r2 (Y21 (1,12 + 1) + 21 (11,12 — 1))
+r3 (P21 (l1 + 1,12) + 21 (11 — 1,12)) .
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Obtaining the S-matrix

lo =11 +1:
Evi2(l1,le) = (Hoo + Hiz + Hor + H3o) h12(l1, 1)

+T1¢21(11, 12) + ?“2¢21(11 — 1, l2) + T3¢12(l17 l2 + 1)7
Evo1(li,l2) = (Hoo(L —3)+ H3i + Hig + Hos ) ¢21(11, 12)

+riviz2(la, l2) + repor (L, la + 1) 4+ r3pe1 (11 — 1, 12).

Need a more general ansatz here. In general different dispersion relations for
different type of particles

ip1l1+ipal 1 _ipllo+iphl
¢12(l1, l2) — A12€@p1 1+ip2l2 i A12€%P1 2t+1ipsly

1pyla Hivgl ip1l2+ipal
Yo1(l1,l2) = AgreP11TP272 4 Ay, P22
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Obtaining the S-matrix

We obtain

E = Hy(L—4)+ Hip + Hor + Hsg + Hos +r2(eP* + e 1) + r3(e'?? + e 'P2)

/

= HOS(L—4) + Hig + Hol + H3§ + Hos +72(e2 + e772) 4 (et 4 e7P1)

together with the conservation of momenta

T2 COSP1 + T3 COS P2 = T'2 COS plg + 73 COS pll
p1 + p2 = p1 + po.

Gives

1p1+ip2 , _ tp1+ip2
e _ ezpl rs3 + r2€ ezp/2 _ ezpz T2 + rse

/
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Finally the S-matrix

Defined in the transmission diagonal representation

Ay ) [ clp2,p1)  b(p2,p1) A1z
Alo b(p2,p1) &(p2,p1) A2
1 ip1 1 ipt i
C(p1,p2)=—57“1(r3+r26p1 P2)(e'P2 — 'P1)
= 1 ip1+i i il
C(pl,p2)=—5rl(r2+r36 P1TiP2)(e'P2 — e'P1)
b(p1,p2) = D (T%ezmﬂpz — (rit1€2 + roe™1TP2 4 3 (ritge™t + ry + r,n361p1+zp2))
~ 1 o . o . o
b(p1,p2) = D (rieP1tP2 _ (pit1e™l + roeP1TP2 4 13)(r1t2e"P2 4 1o + 13 P1T'P2))
where

o [} 0 0 o o o o o [
D = (r1t1€P2 + 1roe'P2TP3 | y3)(ritge'P2 4 ro + r3eP1TP2) T%€7JP2+7JP2

and
t1 = (Hip — Hoo — His + Hps)/m1

ty = (Hor — Hoo — H31 + H3g) /1.
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Integrability?

Number of independent parameters in the S-matrix: si, sz, t1, t2, ro/r1, r3/r1,

Y1, V2, 3 (9)
Integrable with angles < Integrable without angles

— Explore the remaining 9 — 3 = 6 dimensional parameter space.

When is the Yang-Baxter equation satisfied?

Quantum number same on in/outgoing states on both sides of the equation.
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Integrability?

The other cases:
512513523 _ 523513512
We get 7 independent equations

a(p1,p2)b(p1, p3)a(pz, p3) — b(p1,p2)a(p1, p3)b(p2, p3) — c(p1, p3)b(p1,p3)e(p2, p3) = 0
¢(p1,p2)a(p1,p3)b(pz2, p3) — a(p1,p2)e(p1, p3)b(p2, p3) + b(p1, p2)b(p1, P3)E(p2,p3) =0
(p1,p2)b(p1,p3)b(p2,p3) — b(p1, p2)b(p1, p3)b(p2, p3) =0

(p1,p2)c(p1, p3)a(pz, p3) — c(p1, pP2)b(p1, P3)b(p2, p3) — b(p1, p2)a(p1, p3)c(p2, p3) =0
c(p1,p2)b(p1, p3)b(pz2, p3) + b(p1, p2)d(p1, ps)é(pz, p3) — b(p1, p2)é(p1, p3)d(p2,p3) =0
b(p1,p2)d(p1, p3)b(p2, p3) + c(p1, p2)b(p1, p3)é(p2, p3) — d(p1, p2)b(p1, ps)d(p2,p3) =0
b(p1, p2)b c(pz2, p3) + c(p1, p2)d b(pz2, p3) — d(p1, p2)c(p1, p3)b(p2, p3) =0

S O
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Integrability?

Families of solutions

1) r1 =ro =73 tita=1, s1 =0, s2=0

2) 11 =ro=r3 tita=1, s1 =0, s2=1t1+1/t1

) ri=ro=r3 tita=1, s1=t1+1/t1, s2=0

A ri=ro=1r3 tito=1, sy =t1+1/t1, s2=t1+1/t1
5 r1#£0 ro=r3=0

6) 1 =0 ro=r3=7r+#0

Family 4) contains several known cases

* Integrable deformation of A" = 4 with phases only

ri=1, s1=82=2, t1=t2=1 [Beisert, Roiban]

One parameter deformation [Berenstein, Cherkis]
o hai - e _ 14R? _ 2R%?—1 _ 2—R?

sug(3) chain, r; = R, s1=s8==5—, t1==%—, t2= "5

|
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Integrability

Family 3)
* Thesu(1l|2)spinchain.r=1 s31=2 s2=0 t1 =t2=1.

* Several model known from condensed matter theory

* Extension of the integrable case [Beisert, Roiban] with complex phases is
not integrable as suspected.

1+7r? , 2r* — 1 , 2 —r”
1 — 2 —

r r r

S1 = S§9 =

* This model with certain added terms on the diagonal is integrable.

|
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R-matrices

It is possible to use the information about the S-matrices computed with respect
to the different reference states to construct an R-matrix. This can be done in

all the integrable classes here.
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Conclusions and Outlook

* Investigated the gauge theories corresponding to strings in the
Lunin-Maldacena background.

* Integrability found only for real deformations in these model. The complex
case is not integrable.

* Integrability in classes of models with U(1)? symmetry.

* Importance for string theory?
* What can be done without integrability?
* Other deformations. ..

* Non-nearest neighbour interactions? Does integrability remain?

|
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