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Gauge/gravity (string) duality: t’ Hooft←→ Integrability in QCD: Feynman

What I cannot create I do not understand.

Know how to solve every problem that has been solved.

To learn: Bethe Ansatz Probs.,← Kondo, 2D Hall, accel

temp, Non linear classical Hydro

Richard P. Feynman
(1918–1988)

1965

QED:
Feynman graphs

Strong interaction?
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CFT: maximally supersymmetric gauge theory

Fundamental interactions (language of Nature: gauge theory)

interaction particles gauge theory

electromagnetic photon+electron U(1)
electroweak W±, Z µ,ν+Higgs SU(2)× U(1)

strong gluon+quarks SU(3)

only analytical tool: perturbation theory Energy

Coupling

 

U(1)

electroweak force

 SU(3)

perturbative

non−perturbative
no analytical tool

SU(2)
strong force  

maximally supersymmetric gauge theory (harmonic oscillator)
interaction particles gauge theory

N = 4 supersymm. gluon+quarks+scalars SU(N)

all fields N2 − 1 component matrix
Ψ1,2,3,4

↗ ↘
Aµ Φ1,2,3,4,5,6

↘ ↗
Ψ1,2,3,4

L = 2
g2
YM

∫
d4xTr

[
−1

4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ + V

]
V (Φ,Ψ) = 1

4
[Φ,Φ]2 + Ψ[Φ,Ψ]

no running β = 0→ CFT
no confinement
supersymmetric

heavy ion collision:
finite T→ SUSY is broken

quark-gluon plasma is not confined
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CFT: Observables

maximally supersymmetric gauge theory
Ψ1,2,3,4

A Φ1,2,3,4,5,6

Ψ1,2,3,4

fields SU(N) matrices

S = 2
g2
YM

∫
d4xTr

[
−1

4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ + V

]
V (Φ,Ψ) = 1

4
[Φ,Φ]2 + Ψ[Φ,Ψ]

observables
parameters: gYM , N

observables: partition function
gauge-invariant operators

O(x) = Tr(AL1ΨL2ΦL3..),det()
correlators: 〈O1(x)O2(0)〉

correlators: 〈O1(x)O2(0)〉 =
∫

[dA...]e−iSO1(x)O2(0) = 〈O1(x)O2(0)e−iV 〉0

perturbation: genus exp.

g2
YM g−2

YM g−2
YM N

g2
YMN

3 = N2λ λ = g2
YMN

partition func. Z(λ, 1
N ) = N2∑

g(
1
N )2g∑

nα(g, n)λn string interactions? (t’ Hooft)

conformal field theory: 〈Oi(x)Oj(0)〉 =
δij
|x|2∆i

scale dim.: ∆i Konishi op. OK = Tr(Φ2
i )

∆K(λ) = 2+6 λ
4π2−24 λ2

(4π2)2 +168 λ3

(4π2)3−(1410+144ζ(3)+1
2
(324+864ζ(3)−1440ζ(5))) λ4

(4π2)4
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CFT: perturbative expansion

Observable: dimensions 〈Oi(x)Oj(0)〉 =
δij
|x|2∆i

Konishi op. OK = Tr(Φ2
i )

∆K(λ) = 2 + 6g2 − 24g4 + 168g6+ ; g2 = λ
4π2

4loop:
[Fiamberti,A. Santambrogio,Sieg,Zanon ’09] [Velizhanin]

−(1410 + 144ζ3 + 1
2
(324 + 864ζ3 − 1440ζ5))g8

5loop:
[Eden, Heslop, Korchemsky, Smirnov, Sokatchev ’12]

+12(2209 + 360ζ3 + 240ζ5)g10

−36(72ζ3(−1 + 2ζ3) + 5(63 + 64ζ5 − 168ζ7))g10

6loop, strong coupling?
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AdS: string theory on Anti de Sitter ⊃ gravitation

positively curved space
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AdS: string theory on Anti de Sitter ⊃ gravitation

positively curved space Anti de Sitter: negatively curved space

relativistic point particle: ds2 = −dx2
0 + dx2

1 + . . .

S ∝ worldline ∝
∫
ds =

∫ √
ẋ · ẋdτ x

x

x
0

1

2

x(  )τ

relativistic string: ds2 = −dx2
0 + dx2

1 + . . .

S ∝ worldsheet ∝
∫
dA =

∫ √
(ẋ · x′)2 − ẋ2x′2dτdσ

x

x

x
0

1

2

x(     )τ,σ

σ

τ

S
5

AdS
5

S5 :Y 2
0 + Y 2

1 + Y 2
2 + Y 2

3 + Y 2
4 + Y 2

5 = R2

AdS5 :−X2
0 +X2

1 +X2
2 +X2

3 +X2
4 −X2

5 = −R2

S = R2

α
′
∫ dτdσ

4π

(
∂aXM∂aXM + ∂aYM∂aYM

)
+ fermionok supercoset

PSU(2,2|4)
SO(5)×SO(1,4)



AdS energies
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AdS energies

Coset NLσ model: h ∈ PSU(2,2|4)
SO(4,1)×SO(5) J = h−1dh = J0 + J1 + J2 + J3

Z4 graded structure: [Metsaev, Tseytlin 03]: L = g
2(STr(J2 ∧ ∗J2)− STr(J1 ∧ J3))



AdS energies

Coset NLσ model: h ∈ PSU(2,2|4)
SO(4,1)×SO(5) J = h−1dh = J0 + J1 + J2 + J3

Z4 graded structure: [Metsaev, Tseytlin 03]: L = g
2(STr(J2 ∧ ∗J2)− STr(J1 ∧ J3))

BPS string configuration
S

5

J

EBPS(g) = J

string configuration
S

5

p

−p

J

moving bumps [Hofman,Maldacena ’07]

string action=saddle point+loop corr.
E(λ) = E0 + E1

g
+ E2

g2 + . . .



AdS/CFT correspondence (Maldacena 1998)

IIB superstring on AdS5 × S5

time

space

extra dimension

anti de Sitter

5D

space

5D sphere

4D
Minkowski 

space

∑6
1 Y

2
i = R2 −+ + + +− = −R2

R2

α′
∫
dτdσ
4π

(
∂aXM∂aXM + ∂aY M∂aYM

)
+ . . .

≡

N = 4 D=4 SU(N) SYM

2
g2
YM

∫
d4xTr

[
−1

4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ + V

]
V (Φ,Ψ) = 1

4
[Φ,Φ]2 + Ψ[Φ,Ψ]

β = 0 superconformal
PSU(2,2|4)

SO(5)×SO(1,4)
gaugeinvariants:O = Tr(Φ2), det( )
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AdS/CFT correspondence (Maldacena 1998)

IIB superstring on AdS5 × S5

time

space

extra dimension

anti de Sitter

5D

space

5D sphere

4D
Minkowski 

space

∑6
1 Y

2
i = R2 −+ + + +− = −R2

R2

α′
∫
dτdσ
4π

(
∂aXM∂aXM + ∂aY M∂aYM

)
+ . . .

≡

N = 4 D=4 SU(N) SYM

2
g2
YM

∫
d4xTr

[
−1

4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ + V

]
V (Φ,Ψ) = 1

4
[Φ,Φ]2 + Ψ[Φ,Ψ]

β = 0 superconformal
PSU(2,2|4)

SO(5)×SO(1,4)
gaugeinvariants:O = Tr(Φ2), det( )

Dictionary

Couplings:
√
λ = R2

α
′ , gs = λ

N → 0

2D QFT
String energy levels: E(λ)

E(λ) = E(∞) + E1√
λ

+ E2

λ
+ . . .

strong↔weak

λ = g2
YMN , N →∞ planar limit

〈On(x)Om(0)〉 = δnm
|x|2∆n(λ)

Anomalous dim ∆(λ)
∆(λ) = ∆(0) + λ∆1 + λ2∆2 + . . .



AdS/CFT correspondence: how to match, charges?

BPS string configuration
S

5

J

EBPS(λ) = J

strong↔weak

supersymmetric BPS operators

V (Φ,Ψ) = 1
4[Φ,Φ]2 + Ψ[Φ,Ψ]

Z = Φ1 + iΦ2, X = Φ3 + iΦ4
OBPS = Tr(ZJ)

∆BPS = J

string configuration
S

5

p

−p

J

moving bumps (sine-Gordon) [Hofman .. ’07]

string action=saddle point+loop corr.
E(λ) = E(∞) + E1√

λ
+ E2

λ
+ . . .

≡

nonsupersymmetric operator: Konishi
OK = Tr(ZXZX + ...)

operator mixing

∆(λ) = ∆(0) + λ∆1 + . . .+ λ4∆4

[Fiamberti ..’08]

∆4 = −2496 + 576ζ3 − 1440ζ5
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AdS/CFT spectral problem
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AdS/CFT spectral problem

Konishi dimension: Tr(ZXZX − ZZXX)



AdS/CFT spectral problem



AdS/CFT spectral problem

size0

Semiclassical string/gravity theory

Classical string/gravity theory

S
−

m
at

ri
x

g
au

g
e 

co
u

p
li

n
g

Strongly coupled gauge theory

Quantum string/gravity theory

quantum corrections

loop corrections

finite−size

corrections

A
sy

m
p

to
ti

c 
B

et
h

e−
A

n
sa

tz

TBA

L
ü

sc
h

er
 c

o
rr

ec
ti

o
n

1−loop perturbative gauge theory



CFT: Integrablity

Perturbative correlator: 〈O1(x)O2(0)〉 = 〈O1(x)O2(0)e−i(
1
4[Φ,Φ]2+Ψ[Φ,Ψ])〉0

Conformal (scale invariant) field theory: =
δij

|x|2∆(λ) = 1
|x|2∆(0)

[
1 + λ∆1 log 1

|x|2 + . . .

]

Scalar sector: Z1 = Φ1+iΦ2, Z2 = Φ3+iΦ4 SUSY st: O = Tr
[
ZJi

]
→∆O(λ) = J

Operator mixing:
O1 = Tr [Z1Z1Z2Z2]↔ | ↑↑↓↓〉
O2 = Tr [Z1Z2Z1Z2]↔ | ↑↓↑↓〉

diagonalize the 1-loop mixing matrix: O± = O1 ±O2 →
∆O+

(λ) = 4

∆O−(λ) = 4 + 6 λ
4π2

generic state at size J : Oi1...iJ = Tr
[
Zi1 . . . ZiJ

]
↔ |i1 . . . iJ〉

i i i i
i

1 2 k k+1 J

j
jj jj

1
2 k k+1 J

i i i i
i

1 2 k k+1 J

j
jj jj

1
2 k k+1 J

i i i i
i

1 2 k k+1 J

j
jj jj

1
2 k k+1 J

i i i i
i

1 2 k k+1 J

j
jj jj

1
2 k k+1 J

∆ = J I + λ
8π2

∑J
k=1(I− Pk,k+1)

Heisenberg spin chain
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CFT: Integrablity + Bethe Ansatz

Mixing matrix on the subspace Tr
[
Zi1 . . . ZiJ

]
of dim 2J : Minahan-Zarembo 2002

∆ = H0 + λH1 + λ2H2 + . . . = J I + λ
8π2HXXX + λ2H2 + . . .

H2: next-to-nearest neighbour integrable! → use Bethe ansatz: Feynman!

1. choose a groundstate: Z = Z1 → Tr
[
ZJ

]
= Tr [ZZZZZ . . . ZZZZ]↔| ↑ . . . ↑〉

2. excitations Z...ZXZ...X with SUSY multiplet X = Z2, Z3,Ψ
α
a ,Ψ

α̇
a , Dµ

3. plane wave:
∑
n e

ipnTr(
n︷ ︸︸ ︷

Z...Z XZ . . . ZZ)

4. scattering states:
∑
n1n2a1a2

eip1n1+ip2n2Tr(

n2︷ ︸︸ ︷
Z...Z︸ ︷︷ ︸
n1

Xa1Z...Z Xa2Z . . . Z)+S(12)b1b2a1a2

∑

symmetry completely fixes the S-matrix for any λ (satisfies unitarity, crossing, Yang-Baxter)

Bethe ansatz follows from S-matrix: Shastry’s Hubbard S-matrix
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AdS: integrability
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AdS: integrability

Coset NLσ model: h ∈ PSU(2,2|4)
SO(4,1)×SO(5) J = h−1dh = J0 + J1 + J2 + J3

Z4 graded structure: [Metsaev, Tseytlin 03]: L = g
2(STr(J2 ∧ ∗J2)− STr(J1 ∧ J3))



AdS: integrability

Coset NLσ model: h ∈ PSU(2,2|4)
SO(4,1)×SO(5) J = h−1dh = J0 + J1 + J2 + J3

Z4 graded structure: [Metsaev, Tseytlin 03]: L = g
2(STr(J2 ∧ ∗J2)− STr(J1 ∧ J3))

Integrability from flat connection: dA−A ∧A = 0

A(µ) = J0 + µ−1J1 + (µ2 + µ−2)J2/2 + (µ2 − µ−2) ∗ J2/2 + µJ3

Conserved charges from the trace of the monodromy matrix

T (µ) = STr(P exp
∮
A(µ)ρdxρ) =

∑
µnQn

T

gTg
−1



AdS/CFT spectral problem: E(g,J) g =
√
λ

4π
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AdS/CFT spectral problem: E(g,J) g =
√
λ

4π

g

Classical string theory

Semiclassical string theory

J

1 loop perturbative gauge theory

+ string loop corrections

Nonperturbative gauge theory

Quantum String theory

S
 −

 m
at

ri
x

+ gauge loop corrections

A
sy

m
p
to

ti
c 

B
et

h
e 

A
n
sa

tz

W
ra

p
p
in

g
/L

u
sc

h
er

 c
o
rr

ec
ti

o
n

Need finite J (volume) solution of the spectral problem



S-matrix bootstrap program

Asymptotic states |p1, p2, . . . , pn〉in/out
form a representation of global symmetry: p p

21
> >...> p

n
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S-matrix bootstrap program

Asymptotic states |p1, p2, . . . , pn〉in/out
form a representation of global symmetry: p p

21
> >...> p

n

Lorentz: P =
∑
i pi E =

∑
iE(pi)

dispersion relation E(p) =
√
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commutes with symmetry [S,∆(Q)] = 0
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1
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Higher spin concerved charge

factorization + Yang-Baxter equation

S123 = S23S13S12 = S12S13S23
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p
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3

p p p

p

1

1

2

p

3

3

p p p

p
2

S-matrix = scalar . Matrix



S-matrix bootstrap program

Asymptotic states |p1, p2, . . . , pn〉in/out
form a representation of global symmetry:

p p
21

> >...> p
n

Lorentz: P =
∑
i pi E =

∑
iE(pi)

dispersion relation E(p) =
√
m2 + p2

Scattering matrix S: |out〉 → |in〉
commutes with symmetry [S,∆(Q)] = 0

p p

S−matrix

1

21
> >...>

p’p’
m

< p’
2

<...<

p
n

(Q)∆

(Q)∆

Higher spin concerved charge

factorization + Yang-Baxter equation

S123 = S23S13S12 = S12S13S23
p p

1

21

2

p

3

3

p p p

p

1

1

2

p

3

3

p p p

p
2

S-matrix = scalar . Matrix

Unitarity S12S21 = Id

Crossing symmetry S12 = S21̄
Maximal analyticity: all poles have physical origin→ boundstates, anomalous thresholds



S-matrix bootstrap program: AdS g

Classical string theory

Semiclassical string theory

J

1 loop perturbative gauge theory

+ string loop corrections

Nonperturbative gauge theory

Quantum String theory
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Nondiagonal scattering: S-matrix = scalar . Matrix
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Nondiagonal scattering: S-matrix = scalar . Matrix

Matrix: [Beisert]
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Ẽn(R) =
∑
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T Ṫ |4 = −1 Q+
2 B

(−)
4

Q−2B
(+)
4

|1 = 1 Q−−2 Q+
1 Q

+
3

Q++
2 Q−1Q

−
3

|2 = −1 Q+
2 R

(−)
4

Q−2R
(+)
4

|3 = 1

∫
Km
n (p̃, p̃′)ρn(p̃

′
)dp̃

′
= 2π(ρm + ρmh ) [Frolov,Kazakov,Gromov]

Z(L,R) =
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d[ρi, ρih]e−LE(R)−

∑
i

∫
((ρi+ρih) ln(ρi+ρih)−ρi ln ρi−ρih ln ρih)dp

Saddle point : εi(p̃) = − ln ρi(p̃)
ρih(p̃) εj(θ) = δ

j
QẼQ(p̃)L−

∫
K
j
i (p̃, p̃′) log(1 + e−ε

i(p̃′))dp̃′

Ground state energy exactly: E0(L) = −
∑
Q
∫ dp̃

2π log(1 + e−εQ(p̃))dp̃
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Y-system: AdS [Gromov,Kazakov,Viera]

i

no periodicity 

Ya,s(θ+ i
2)Ya,s(θ− i

2)
Ya+1,sYa−1,s

=
(1+Ya,s−1)(1+Ya,s+1)
(1+Ya+1,s)(1+Ya−1,s)

Excited states: analyticity from Lüscher

Assumption on analytical structure→ excited state TBA [Gromov,Kazakov,Kozak,Viera], [Arutyunov,
Frolov, Suzuki]

extra source terms: εj(θ) = δ
j
QẼQ(p̃)L+ sources−

∫
K
j
i (p̃, p̃′) log(1 + e−ε

i(p̃′))dp̃′



AdS/CFT correspondence (Maldacena 1998)

IIB superstring on AdS5 × S5

time

space

extra dimension

anti de Sitter

5D

space

5D sphere

4D
Minkowski 

space

∑6
1 Y

2
i = R2 −+ + + +− = −R2

R2

α′
∫
dτdσ
4π

(
∂aXM∂aXM + ∂aY M∂aYM

)
+ . . .

≡

N = 4 D=4 SU(N) SYM

2
g2
YM

∫
d4xTr

[
−1

4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ + V

]
V (Φ,Ψ) = 1

4
[Φ,Φ]2 + Ψ[Φ,Ψ]

β = 0 superconformal
PSU(2,2|4)

SO(5)×SO(1,4)
gaugeinvariants:O = Tr(Φ2), det( )
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gaugeinvariants:O = Tr(Φ2), det( )

Dictionary

Couplings:
√
λ = R2

α
′ , gs = λ

N → 0

2D QFT
String energy levels: E(λ)

E(λ) = E(∞) + E1√
λ

+ E2

λ
+ . . .

strong↔weak

λ = g2
YMN , N →∞ planar limit

〈On(x)Om(0)〉 = δnm
|x|2∆n(λ)

Anomalous dim ∆(λ)
∆(λ) = ∆(0) + λ∆1 + λ2∆2 + . . .

2D integrable QFT

spectrum: Q = 1,2, . . . ,∞ dispersion: εQ(p) =
√
Q2 + λ

π2 sin2 p
2

Exact scattering matrix: SQ1Q2
(p1, p2, λ)

finite volume spectrum: E(λ, J)



AdS/CFT correspondence

supersymmetric BPS operators

V (Φ,Ψ) = 1
4[Φ,Φ]2 + Ψ[Φ,Ψ]

Z = Φ1 + iΦ2, X = Φ3 + iΦ4
OBPS = Tr(ZJ)↔ | ↑↑ . . . ↑〉

∆BPS = J

weak↔strong

BPS string configuration
S

5

J

EBPS(λ) = J
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supersymmetric BPS operators
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4[Φ,Φ]2 + Ψ[Φ,Ψ]

Z = Φ1 + iΦ2, X = Φ3 + iΦ4
OBPS = Tr(ZJ)↔ | ↑↑ . . . ↑〉
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S
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EBPS(λ) = J

2D integrable QFT
supersymmetric groundstate E0(J) = ∆(λ)− J = 0



Konishi anomalous dimension at weak coupling

Konishi: two particles in finite volume: p

−p

J

Bethe Ansatz: eipJS(p,−p) = 1 + dispersion relation E(p, λ) =
√

1 + 16g2(sin p
2)2

∆BA(λ) = 2+6g2−24g4+168g6−(1410+144ζ3)g8−12(22429+4608ζ3+

3672ζ5 + 2520ζ7)g12 + . . .

Lüscher correction ∆Luscher(λ) = −
∫ dp̃

2πS(p̃, p1)S(p̃, p2)e−LẼ(p̃)

4loop: (324 + 864ζ3 − 1440ζ5)g8 [ZB, Janik ’09]

5loop:−36(72ζ3(−1 + 2ζ3)+ [ZB, Hegedus,

+5(63 + 64ζ5 − 168ζ7))g10 Janik,Lukowski ’10]

6loop:−108(−2421 + 96ζ3(20 + 2ζ3 − 15ζ5) [ZB, Janik ’12]

−1448ζ5 − 980ζ7 + 4536ζ9)g12 7loop

TBA
[Frolov,Arutyunov,Suzuki]

Finite equations
[Balog, Hegedus ’12]

FiNLIE
[Gromov, Kazakov, Leurent, Volin ’12]

FiNLIE weak coupling: 8loop; ζ1,2,8
[Leurent, Serban, Volin ’12] [Leurent, Volin ’13]
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Konishi at strong coupling (only numerical)
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AdS/CFT: spectral problem for twisted theory

non supersymmetric theory [Frolov .. ’05]

V (Φ,Ψ) = 1
4[Φ,Φ]2γi + Ψ[Φ,Ψ]γi

[Φi,Φj]γk = eiεijkγkΦiΦj − e−iεijkγkΦjΦi
Z = Φ1 + iΦ2, X = Φ3 + iΦ4
O = Tr(ZJ)↔ | ↑↑ . . . ↑〉

∆O = J + ∆wrap.
= J + λJ∆J + ...+ λ2J∆2J

↔

TST deformed AdS
[Frolov ’05][Alday .. ’06]

S
5

J

≡AdS with twisted BC.
E(λ) = J+finite size corr.

[Arutyunov et al ’11]

twisted groundstate

L
i γ J

e

E − J = EFSC
EFSC =finite size correction! , [ZB et al ’11] twisted TBA

2µ 4µ 6µ6µ 4µ 2µ −µ −µ

−µ−µ

+ + + +

+

−

−

−−− untwisted Y-system [Gromov .. ’11]
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AdS/CFT correspondence: boundary

Z=0 brane: boundary vacuum

S
5

p

−p

J
x

x5

6

EK(λ) = 2EBdry(λ)
dispersion relation

E(p, λ) =
√

1 + λ
π2(sin p

2)2

elastic reflection R(p)
Bethe Ansatz: ei2pJR(p)R(−p) = 1

finite size corrections

L

R R

∆E = −
∫ dp̃

2πR(−p̃)R(p̃)e−2E(p̃)L

≡

det operator anomalous dimension
Z = Φ5 + iΦ6, Y = Φ3 + iΦ4

“Z=0 vacuum”

O = ε
lm..nq
ij..kp Z

i
lZ

j
m..Z

k
n(Y ZJY )pq

| ↓↑↑ ... ↑↑↓〉
“Y=0 vacuum”

O = ε
lm..nq
ij..kp Y

i
l Y

j
m..Y

k
n (ZJ)pq

| ↑↑ ... ↑↑〉
operator mixing

integrable open spinchain

〈Oi(x)Oj(0)〉 =
δij

|x|2∆i(λ)

Z=0: Bethe Ansatz + wrapping
Y=0: Bethe Ansatz + wrapping

Y-system [ZB et al ’12]
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AdS/CFT integrability: other observables

quark-antiquark potential

extra dimension

quark

space
time

anti−quark

L

V (L) = −λ
4πL + λ2

8π2L
log T

L + . . .

≡

Minimal surface

Wilson loop: 〈
∮
C Aµdx

µ〉 ∝ e−TV (L,λ)

strong coupling

V (r) = −4π2
√

2λ
Γ(1

4)4
1
L(1− 1.3359√

λ
+ . . .)

minimal surface+fluctuations

Integrable system on the strip

[Correa,Maldacena,Sever ’12][Drukker ’12]

Boundary problem: open spin chain with reflections
E0(L), Casimir energy

εj(θ) = δ
j
Q(σQ(p̃) + ẼQ(p̃)L−

∫
K
j
i (p̃, p̃′) log(1 + e−ε

i(p̃′))dp̃′
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Conclusion
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