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Gauge/gravity (string) duality: t' Hooft <— Integrability in QCD: Feynman
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QED:
Feynman graphs

What | cannot create | do not understand.
Know how to solve every problem that has been solved.
To learn: Bethe Ansatz Probs., < Kondo, 2D Hall, accel

temp, Non linear classical Hydro

Strong interaction?




CFT: maximally supersymmetric gauge theory

Fundamental interactions (language of Nature: gauge theory)

Coupling

non—perturbative
no analytical tool

interaction particles

electromagnetic photon+-electron

electroweak W=,Z pu,v+Higgs

strong gluon+quarks

gauge theory
U(l) i SUG)
SU(2) x U(1) |
S U (3) i L strong force

only analytical tool: perturbation theory

um perturbative

maximally supersymmetric gauge theory (harmonic oscillator)

interaction particles

gauge theory

N = 4 supersymm.

gluon+quarks+scalars

SU(N)

V1234
Ny

P123456

/!

/
Ay

hY

V1234
2

2
9vm

=

V(P, W) = 2 [P, P2 + W [D, V]

all fields N — 1 component matrix

[d*aTr [-2F2 — 2(D®D)? + iV PV + V]

Energy

no running S = 0 — CFT

no confinement

supersymmetric

heavy ion collision:

finite T — SUSY is broken

quark-gluon plasma is not confined
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CFT: Observables

maximally supersymmetric gauge theory observables
Ve parameters: gy ps, [N
A 123456 fields SU(N) matrices observables: partition function
V1234 o gauge-invariant operators
§ = g [ dlaTr [gF2 = S (DPP + WPV HV] | | () = Tr(AL1wledls.) det()
V(P, V) = 7[®, P]° + W[, V] correlators: (O1(x)O2(0))

correlators: (O1(x)02(0)) = [[dA...]e 01 (z)O2(0) = <O]_(£U)02(O)€_iv>o

7 (U e

—2 —2
N
9y m 9y M g%MNfS:NQ)\ >‘:912/MN

perturbation:

2
9y M
partition func. Z(\, %) = N2 Zg(%)zg >, a(g,n)A™ string interactions? (t' Hooft)

di;

conformal field theory: (O;(2)0;(0)) = " |2A scale dim.: A; Konishi op. O = Tr($?)

Ag(\) =246 24(4A2)2+168

oy —(1410+144((3)+5(324+864((3) —1440((5))) zoey:
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CFT: perturbative expansion

Observable: dimensions (O;(x)0;(0)) = |x(|2‘7AZ Konishi op. O = Tr(CDZ-Q)
Ax(X) =2+ 6¢° - 24¢* +168¢°+ | ¢* =75
4loop:

[Fiamberti,A. Santambrogio,Sieg,Zanon '09] [Velizhanin]
—(1410 + 144¢3 + (324 + 864(3 — 1440(5))g°

Sloop:
[Eden, Heslop, Korchemsky, Smirnov, Sokatchev '12]

+12(2209 + 360(3 + 240(5) g0
—36(72¢3(—1 + 2¢3) + 5(63 + 64¢5 — 168(7))g°

bloop, strong coupling?



CFT: perturbative expansion

Observable: dimensions (O;(x)0;(0)) = |a;(|2]Az Konishi op. O = Tr(CDZ-Q)
Ax(N) =2+ 6g% - 24¢* +168¢°+ | g>=

4loop:

[Fiamberti,A. Santambrogio,Sieg,Zanon '09] [Velizhanin] Hit a Wa"7 Take a
—(1410 + 144¢3 + (324 + 864(3 — 1440(5))g° holographic view

From pre-big bang physics to the origins of mass,
5 |OOPZ there may be no limit to holography's reach

[Eden, Heslop, Korchemsky, Smirnov, Sokatchev '12]

+12(2209 + 360(3 + 240(5)g'° e
—36(72¢3(—1 4+ 2¢3) + 5(63 4 64¢s — 168(7))g*° =

bloop, strong coupling?



AdS: string theory on Anti de Sitter D gravitation

positively curved space
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AdS: string theory on Anti de Sitter D gravitation

positively curved space Anti de Sitter: negatively curved space




AdS: string theory on Anti de Sitter D gravitation

positively curved space Anti de Sitter: negatively curved space
L 3 "\ v
P
N
[ o < T
: ) -
P XO
x(7T)

relativistic point particle: ds? = —daz% -+ daz% + ...
S o< worldline < [ ds = [ Vx - xzdT X,




AdS: string theory on Anti de Sitter D gravitation

positively curved space Anti de Sitter: negatively curved space
w5 .
b 4 PPN
i¥inac NP
P
oI
| . < AT
: ) -
x(7T)
relativistic point particle: ds? = —daz% -+ daz% + ...
S o< worldline < [ds = [ V& - xdT X,
!
relativistic string: ds? = —dz2 + dx? + x
g. E— O 1 o o o 0

x(T,0)

S o worldsheet < [dA = [ \/(:1: . 2)2 — &22?drdo




AdS: string theory on Anti de Sitter D gravitation

positively curved space Anti de Sitter: negatively curved space

—:srv SVARLYE

4

P
N
‘\
)

T

r

x(7T)
relativistic point particle: ds? = —daz% -+ daz% + ...
S o< worldline < [ ds = [ Vx - xzdT -

relativistic string: ds? = —daf% -+ da:% + ...
S o worldsheet < [dA = [ \/(:1: . 2)2 — &22?drdo

S2 Y2+ YR+ Y2+ Y2+ Y2+ Y2=R?

-
AdSs - X5+ X7+ X534+ X34+ X7 — X2 =—R? -

x(T,0)

PSU(2,2|4)

2 .
S = Z, i dzlra (8aXM8aXM - 8aYM8aYM) + fermionok |supercoset SO(5)% SO(1.4)



AdS energies



AdS energies

PSU(2,2|4)
0(4,1)xSO(5)

Coset NLo model: h € 5 J=h"Ydh=Jg+J+ Jo+ J3

Z 4 graded structure: [Metsaev, Tseytlin 03]: £ = %(STI’(JQ A *xJp) — STr(J1 A J3))



AdS energies

PSU(2,2|4)

— 1—1 _
O(4.1)xSO(5) J=h"*dh=Jg+ J1 + Jo+ J3

Coset NLo model: h € g

Zy graded structure: [Metsaev, Tseytlin 03]: £ = 5(STr(Jo A *J2) — STr(J1 A J3))

string configuration

BPS string configuration

SS

moving bumps [Hofman,Maldacena '07]
string action=saddle point+loop corr.
EQ)=Fo+ 5+ %+ .

Epps(g) =J



AdS/CFT correspondence (Maldacena 1998)

I1 5 superstring on AdSs x S°

-5 BE500
5D sph
’32 ti j? Sitt
space
e
£<:>
o=
A
>
spac —
time extra dimension
SOY2=R? —++++-—=-R?
B [ drde (9, XM Xy + 8.Y MO Y) + . ..

N =4 D=4 SU(N) SYM

2= [d*aTr [ 3F? = S(DP)? + W PW + V]
V(P W) = ;[®, ®]? + W[, W]

PSU(2,2|4
8 = O superconformal SO(5) >§SO|(1),4)

gaugeinvariants:©O = Tr(®?), det( )




AdS/CFT correspondence (Maldacena 1998)

I1 5 superstring on AdSs x S°

4D
Minkowski
space
ere

e extra dimension

6
21 Yz'2 = R?

4r

—++++-=-R
B[22 (0,XM0° Xy 4+ 0. YMOY) + ...

2

2
gYIW

Couplings: VA = R—,Z gs = % — 0
8%
2D QFT

String energy levels: ()
E(\) = E(c0) + A+ 2+ ...

N = 4 D=4 SU(N) SYM

8 = 0 superconformal

[d*aTr [—2F2? — 1(D®D)? + WPV + V]

V(P, W) = 2 [P, P2 + W[D, V]
PSU(2,2|4)
SO(5)xS0(1,4)

gaugeinvariants:O = Tr(P2), det( )

Dictionary

strong<—>weak

A= g}Q/MN , N — oo planar limit

(On(@)Om(0)) = r2xas
Anomalous dim A ()
AN) = A0) + XA+ X200+ ...




AdS/CFT correspondence: how to match, charges?

BPS string configuration

SS

strong<—>weak

Epps(A) = J

string configuration

SS
‘\- >
N
moving bumps (sine-Gordon) [Hofman .. '07]
string action=saddle point+loop corr.

E(\) =EBE(c0) + A+ +...

supersymmetric BPS operators
V(P, W) = 3[d, D] + W[, V]
7 =P +ido, X = D3+ idy
Opps = Tr(Z7)
Apps=J

nonsupersymmetric operator: Konishi
Opr =T (ZXZX + ...)
operator mixing
e 3 &
—o— = 8 o

o

AN) = A0) + XA+ ...+ XAy

@ & & [Fiamberti ..'08]

— 2496 + 576(3 — 1440(s




AdS/CFT spectral problem
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AdS/CFT spectral problem

Konishi dimension: Tr(ZXZX — ZZXX)
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AdS/CFT spectral problem

Hit a wall? Take a
holographic view

From pre-big bang physics to the origins of mass,
there may be no limit to holography's reach

Hl,t~a . wall? Take
egrable vie




AdS/CFT spectral problem

Classical string/gravity theory

perturbative
gauge theory

)

1]
5
53 Semiclassical string/gravity theory
S
0]
50 :
= quantum corrections
en
N
5
Quantum string/gravity theory _§ é .
finite—size S ! b=
I TBA . S| 2| E
corrections S Cg |
3 0 .
< =
Strongly coupled gauge theory 5 £
=
S .-
, >
loop corrections £
I-loop perturbative gauge theory
0 size




CFT: Integrablity

Perturbative correlator: (01 (x)O5(0)) = <(91(ar;)(’)Q(())e—i(%[CID,CD]Q—I—W[(D,\V])>O

Conformal (scale invariant) field theory: = |$|§X(/\) |$|2A(O) [1 + AA1 log z |2 + .

Scalar sector: 71 = $1+iPyp, Zo = $P341P4, SUSY st: O = Tr [Zﬂ — Ap(N) =J

O1=Tr[Z12125Z5] <> | T14) — =

Operator mixing: On = Tr (212271 75] < | 1AL - & o

diagonalize the 1-loop mixing matrix: O+ = 01 + O AO+(>\) =4
_ . — 04 ;
" Ao (V) =446,

generic state at size J: O;; ;, = Tr [Zil . Zij] i1 ... 1)

j] j2 jk jk+l j] j] j2 jk jk+l j] J j2 jk jk+l jJ j] j2 jk jk+l jJ

i A=JIl+ AQ S 1T —Pppt1)
o
i T I I Helsenberg spin chain

W — ; b — ; — ; = L
i, iy ik 1 iy iy ik ] IR P U SIS J Wi, iy ik 11



CFT: Integrablity + Bethe Ansatz

Mixing matrix on the subspace Tr [Zi : ZZ-J} of dim 27 Minahan-Zarembo 2002

1°°

A=Hy+ A H1+XNHo+...=JI+ 2oHxxx + A2Ho + ... |

Ho5: next-to-nearest neighbour integrable! — use Bethe ansatz: Feynman!

1. choose a groundstate: Z = Z1 — Tr [Z‘]} =Tr[ZZZZ7Z .. ZZZZ] +|T... )

2. excitations Z...Z X Z...X with SUSY multiplet X = Z5, Z3, W& W D,

n
3. plane wave: 32, eP"T(Z..Z X Z ... Z2)

2

4. scattering states: Ty, npaya, €11 VP22 THZ L Xay 2.2 XayZ ... 2)+S(12)a} 3 T

o
symmetry completely fixes the S-matrix for any A (satisfies unitarity, crossing, Yang-Baxter)
Bethe ansatz follows from S-matrix: Shastry's Hubbard S-matrix

12



AdS: integrability

13



AdS: integrability

PSU(2,2|4)
0(4,1)xSO(5)

Coset NLo model: h € 5 J=h"Ydh=Jg+J+ Jo+ J3

Z 4 graded structure: [Metsaev, Tseytlin 03]: £ = %(STI’(JQ A *xJp) — STr(J1 A J3))



AdS: integrability

PSU(2,2|4)

— 1—1 _
O(4.1)xSO(5) J=h"*dh=Jg+ J1 + Jo+ J3

Coset NLo model: h € g

Zy graded structure: [Metsaev, Tseytlin 03]: £ = 5(STr(Jo A *J2) — STr(J1 A J3))

Integrability from flat connection: dA — AN A =0

Alp) =Jo+p P+ (W2 + 17 2)Jo/2 4+ (2 — = 2) * Jo/2 4 pJ3
Conserved charges from the trace of the monodromy matrix

T () = STr(Pexp § A(p)pdzf) = 3 u"Qn




AdS/CFT spectral problem: E(g,J) g = ¥
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AdS/CFT spectral problem: E(g,J) g = ){—5

Classical string theory /j




g

AdS /CFT spectral problem: E(g,J) g =

Semiclassical string theory

+ string loop corrections

Quantum String theory

VA

47




AdS /CFT spectral problem: E(g,J) g = 4£7i‘

Classical string theory

-4 I — e
H Semiclassical string theory )

+ string loop corrections

Quantum String theory




AdS/CFT spectral problem: E(g,J) g = ¥

Classical string theory

Semiclassical string theory

+ string loop corrections

Quantum String theory

Nonperturbative gauge theory

+ gauge loop corrections




AdS/CFT spectral problem

Classical string theory

g I
& Semiclassical string theory

+ string loop corrections

Quantum String theory

Nonperturbative gauge theory

+ gauge loop corrections




VA
41

AdS/CFT spectral problem: E(g,J) g =

Classical string theory

g
6/// Semiclassical string theory

+ string loop corrections

Quantum String theory

Nonperturbative gauge theory

+ gauge loop corrections




VA
%y

AdS/CFT spectral problem: E(g,J) g =

Classical string theory

o T
% Semiclassical string theory

+ string loop corrections

Quantum String theory

Nonperturbative gauge theory

+ gauge loop corrections

Need finite J (volume) solution of the spectral problem



S-matrix bootstrap program

Asymptotic states |p1, po, - - - ,pn>m/0ut
form a representation of global symmetry:

/ > /P2 >.> k

15



S-matrix bootstrap program

Asymptotic states |p1, po, - - - ,pn>m/0ut
form a representation of global symmetry: p >/ Py Py

Lorentzz: P = >, p; E=>,E(p;)
dispersion relation E(p) = \/m2 + p2




S-matrix bootstrap program

Asymptotic states [p1, P2, .- ., Pn)in /out
form a representation of global symmetry: P, >.> P,

Lorentzz: P = >, p; E=>,E(p;) AQ) / /

dispersion relation E(p) = \/m2 + p? / / p



S-matrix bootstrap program

Asymptotic states |p1, po, - - - ,pn>m/0ut
form a representation of global symmetry:

Lorentzz: P = >, p; E=>,E(p;)
dispersion relation E(p) = \/m2 + p2

Scattering matrix S: |out) — |in)
commutes with symmetry [S, A(Q)] = 0

/ > /P2 >.> k



S-matrix bootstrap program

Asymptotic states |p1, po, - - - ,pn>m/0ut
form a representation of global symmetry: p >/ Py Py

Lorentzz: P = >, p; E=>,E(p;)
dispersion relation E(p) = \/m2 + p2

Scattering matrix S: |out) — |in)
commutes with symmetry [S, A(Q)] = 0

A



S-matrix bootstrap program

Asymptotic states |p1, po, - - - ,pn>m/0ut
form a representation of global symmetry:

Lorentzz: P = >, p; E=>,E(p;)
dispersion relation E(p) = \/m2 + p2

Scattering matrix S: |out) — |in)
commutes with symmetry [S, A(Q)] = 0

/ > /P2 >.> k




S-matrix bootstrap program

Asymptotic states |p1, po, - - - ,pn>m/0ut

form a representation of global symmetry: p >/ Py Py
Lorentzz: P = >, p; E=>,E(p;) \ / /

dispersion relation F(p) = \/m2 + p? m =) BB

Scattering matrix S: |out) — |in)
commutes with symmetry [S, A(Q)] = 0

Higher spin concerved charge
factorization + Yang-Baxter equation

S123 = 523513512 = 512513523

S-matrix = scalar . Matrix




S-matrix bootstrap program

Asymptotic states |p1, po, - . . ’pn>in/out / / \
form a representation of global symmetry: Py >

Lorentz: P = Zz‘ p; B = Zi E(pz) /;1
dispersion relation E(p) = \/m2 + p? A(Q)

Scattering matrix S: |out) — |in)
commutes with symmetry [S, A(Q)] =0

Higher spin concerved charge
factorization + Yang-Baxter equation

S123 = 523513512 = 512513523

S-matrix = scalar . Matrix

Unitarity S12521 = Id X X X
Crossing symmetry S1o = S57

Maximal analyticity: all poles have physical origin — boundstates, anomalous thresholds




S-matrix bootstrap program: AdS

Nondiagonal scattering: | S-matrix = scalar . Matrix

Asymptotic Bethe Ansatz

16



S-matrix bootstrap program: AdS

Nondiagonal scattering: | S-matrix = scalar . Matrix

Matrix: [Beisert]
global symmetry PSU(2|2)?

by by
_ bo bs
Y= L= f2 | @ f3
fa Ja

\ AQ /

/

AQ

1S, A(Q)] =0 @
\



Nondiagonal scattering:

Matrix: [Beisert]

1
global symmetry PSU(2]2)? [ . A

S-matrix bootstrap program: AdS

S-matrix = scalar . Matrix

by by - Yo

— b2 bQ . . . .
Q = 1 reps fs ® fs S
fa fa S

Nw /|

0 S S,

[S,A(Q)] =0 = = 2

/ o

=%\




Nondiagonal scattering:

Matrix: [Beisert]

global symmetry PSU(2|2)?

S-matrix bootstrap program: AdS

S-matrix = scalar . Matrix

. b
. d . e
bi b . d .
b- ) A .
2 1 |
f3 d .€
I d .

b1

_ b2
Q = 1 reps fs ®

fa

[S,A(Q)] =0

Unitarity

S(z1,22)8(22,21) =1
Crossing symmetry [Janik]| [Volin]

11 — wi1—uo—t _3260(21,22)
S11 = wi—uoFi®

u = 2 cotLE(p)

S(z1,22) = S1(20,21 + w2)

Asymptotic Bethe Ansatz

[Beisert,Eden,Staudacher]
p = 2am(z)



S-matrix bootstrap program: AdS

Nondiagonal scattering:

S-matrix = scalar . Matrix

Matrix: [Beisert]

global symmetry PSU (2]2)2
b1 by

_ b :
Y= 1 e /3 = I3

Bl N\

(5, A(Q)] =0
\

AQ

Unitarity

S(z1,22)8(22,21) = 1
Crossing symmetry [Janik]| [Volin]
S(z1,22) = 8 (22, 21 + w2)

Maximal analyticity:

boundstates atyp symrep: Q € N
anomalous thresholds
[N.Dorey,Maldacena,Hofman,Okamura]

( 1 L S
. A . . -b . . .
. d . . . . . e
-b . d . L
) . A .
. ) 1 ..
. .ood oo e
) . d
: . f . .. g
. . . . f .
. —h . h .
. . f .
. . f
\ . h .

11 _ ui—up—1t i20(21,25)
511 = w1 —upFi°

u = % cot SE(p)

Physical domain

i . . B .
G e e B

[Beisert,Eden,Staudacher]

p=2am(z)

0F)

52

-0 4/2

/2




Bethe-Yang=Asymptotic Bethe Ansatz

Finite volume spectrum

17



Bethe-Yang=Asymptotic Bethe Ansatz

~—

.. p
Finite volume spectrum

Infinite volume spectrum: ’

E(p1,...,pn) = i E(p))  E(p) =/1+ (4gsinB)2  p; € [, ]

Asymptotic Bethe Ansatz




Bethe-Yang=Asymptotic Bethe Ansatz

~—

. . P :
Finite volume spectrum n
Quantum Lring theory

Nonperturbative gauge theory
| + gauge loop corrections

S — matrix

Infinite volume spectrum:

E(p1,---,pn) = ¥ E(pi) E(p) = /1+ (4gsin5)2  p; € [-m, ]

Polynomial volume corrections:

Asymptotic Bethe Ansatz; p; quantized, .
ePi"S(pj,p1) - - S(pjspn) W = =W S(0) = —P




Bethe-Yang=Asymptotic Bethe Ansatz

~—

. p
Finite volume spectrum

Infinite volume spectrum:

E(p1,...,pn) = i E(p))  E(p) =/1+ (4gsinB)2  p; € [, ]

Polynomial volume corrections:

Asymptotic Bethe Ansatz; p; quantized, .
e?itS(p;,p1)...S(pj,pn)¥ = -V S(0) =-P

. ++(., )
Inhomogenous Hubbard? spin-chain: eZijSg(uj)g“__((S?))T(uj)T(uj) = —1
4 Uy



Bethe-Yang=Asymptotic Bethe Ansatz

~—

.. p
Finite volume spectrum

Infinite volume spectrum:

E(p1,...,pn) =i E(p;))  E(p) =1+ (4gsinB)?2  p; € [, ]

Polynomial volume corrections:

Asymptotic Bethe Ansatz; p; quantized, .
ePILS(pj,p1) ... S(pjyp)W = —W  S(0) = —P

Q1 (uy)
Q4 (uj;)

Inhomogenous Hubbard? spin-chain: einng(uj) T(uj)T(uj) = —1

_ _ . o B o
T(u) = By B:;'_R4 (+) Q5 Qé" B R4( )Qg‘ n QS--FQl B Bj‘( )Ql
P el s O s I e B

[Beisert,Staudacher]

Q;(u) = —R;(u)B;j(u) and R =T, % B® = [[, 202



Bethe-Yang=Asymptotic Bethe Ansatz

~—

. P,
Finite volume spectrum

Infinite volume spectrum:

E(p1;--.,pn) = X; E(p;i) E(p) = /1 + (4gsin §)?

Polynomial volume corrections:

Asymptotic Bethe Ansatz; p; quantized, .
e?ilS(p;,p1)...S(wj,pn)W = -V S(0) =P

: ++(., ,
Inhomogenous Hubbard? spin-chain: eZijS(%(uj)g“__((S‘?))T(uj)T(uj) = —1
4 (U
it [o=—0F r-Oo+  otto- ptHo-
T(u) = 5155 Hy @ @3 H4 G - Q2 @y By G [Beisert,Staudacher]

BYByR; 7 | @Q3 Ry Po;  @@7  BfTof

Qj(u) = —Rj(w)Bj(u) and B =TI, "% B = [, 22

Q;Bﬁh 1 Qi@m?, " _, QFR
QEBSL_H QI TQQ5 Q2 (-I-)

Bethe Ansatz:



Liischer /wrapping correction in AdS

Finite volume spectrum

Asymptotic Bethe Ansatz

[Ambjorn,Janik,Kristjansen]
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Liischer /wrapping correction in AdS

Finite volume spectrum

[Ambjorn,Janik,Kristjansen]

One particle correction: [Janik, Lukowski]

A(L) = (1 - E'(0)E (B0)) (~iResp=g, Ty S)e~ FDIE
b 2% 22(1 — E' (D) E'(5) ) (Spa(5,p) — 1)e~ EDIL




Liischer /wrapping correction in AdS

Finite volume spectrum

[Ambjorn,Janik,Kristjansen]

One particle correction: [Janik, Lukowski]

AW = (1~ E(WE (o)) (~iResyp, X5 8)e= HBIL
S5 %% 22 (1 — E' () E'(5)) (Sha (5, p) — 1)e~PDE

Two particle Liischer correction (Konishi) [ZB,Janik]

BY: j = 1,2 S(pj,p1)S(pj,pa)V = —e Pilw
T(p,p1,p2)V = t(p,p1,p2, V)W




Liischer /wrapping correction in AdS

Finite volume spectrum

[Ambjorn,Janik,Kristjansen]

One particle correction: [Janik, Lukowski]

A(L) = (1 - E'(0)E (B0)) (~iResp=g, Ty S)e~ FDIE
b 2% 22(1 — E' (D) E'(5) ) (Spa(5,p) — 1)e~ EDIL

Two particle Liischer correction (Konishi) [ZB,Janik]

BY: ] — 172 8(p]7p1)8(p]7p2)w — _e_iijw
T(p,p1,p2)V = t(p,p1,p2, V)W

Modified momenta:

p;L —ilog t(pj,p1,p2, W) = (2n + )7 + P;
®y = — [ SL(LS(F 1)) S (B, p2)e LED)




Liischer /wrapping correction in AdS

Finite volume spectrum

[Ambjorn,Janik,Kristjansen]

One particle correction: [Janik, Lukowski]

A(L) = (1 - E(p)E'(Bo)) (—iReszp, S S)e F@L
S5 %% 22 (1 = B (p)E (7)) (852, p) — 1)e E®IL

Two particle Liischer correction (Konishi) [ZB,Janik]

BY: j = 1,2 S(p;,p1)S(pj,p2)V = —e Pilw
T(p,p1,p2)V = t(p,p1,p2, V)WV

Modified momenta:

p;L —ilogt(pj,p1,p2, W) = (2n+ 1)m + P,
®y = — [ (LS, p1))S(F, p2)e LED)
Modified energy:

E(p1,p2) = Yk E(r + 0p1)— [ 294(q, p1,pa, W)e LEW




Thermodynamic Bethe Ansatz: AdS

Ground-state energy exactly © —

Bombardelli, Tateo, Fioravanti,Frolov,Arutyunov,
romov,Kazakov,Viera,Kozak]

Euclidean E2 + (4g¢sin %)2 — 1 partition function:

Asymptotic Bethe Ansatz

Z(L,R) =R 0 G_EO(L)R(]- + e AE R) Q_/ L :’
Z(L,R) =R_yoo Tr(e HDLy =p 5, e~ En(DIR ) o
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Thermodynamic Bethe Ansatz: AdS

Ground-state energy exactly © —

Bombardelli, Tateo, Fioravanti,Frolov,Arutyunov,
romov,Kazakov,Viera,Kozak]

Euclidean E2 + (4g¢sin %)2 — 1 partition function:

Asymptotic Bethe Ansatz

Z(L, R) =R o0 e FOLIR(1 4 o~ AER A
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Z(L,R) =p_yoo Tr(e HLY =, s o—En(D)R )
Finite particle/hole + Bethe root density p<, Pf?, pi pl o oSy
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Thermodynamic Bethe Ansatz: AdS

Ground-state energy exactly © —

Bombardelli, Tateo, Fioravanti,Frolov,Arutyunov,
romov,Kazakov,Viera,Kozak|

Euclidean E2 + (4g¢sin p)2 1 partition function:

Asymptotic Bethe Ansatz

Z(L,R) = e~ Eo(L)R(1 4 ¢~AER foe
Z(L,R) =R TV(G_H(R)L) =R—00 2n e~ En(L)R jpe i"-\.
. . . . Q Q ’1/ 7/ () no periodicity
Finite particle/hole + Bethe root density p*, p)*, p*, pj : i
L ° °
® e O O e
. - o e e o 00000 0000°900°0060-
En(R) =310 Bo(B) > 20 ) Eq(p)p®(p)dp . e e 0 o e
. ++ . -
SPSFET o = -1 Lo = 1 Grgrrle = -1 L) SR °

[ KI(p, ﬁ’)pn(f)])dﬁj = 27n(p"™ + p}')  [Frolov,Kazakov,Gromov]



Thermodynamic Bethe Ansatz: AdS

Ground-state energy exactly @ —

Bombardelli, Tateo,Fioravanti,Frolov,Arutyunov,
romov,Kazakov,Viera,Kozak]

Euclidean E2 4 (4gsin %)2 — 1 partition function: !

Asymptotic Bethe Ansatz

Z(L,R) =p_,o, e Fo(DR(1 4 ¢—~AER) [
N . ]
Z(L,R) =R_00 Tr(e_H(R)L) =R—00 2n e~ En(D)R fe‘H(Rﬂ i"-\.
Finite particle/hole + Bethe root density p@, p;?, o, ,07};1: . @ noperiadiely
® o ®
e e O O o
~ " o @i 20000 00009000060
En(R) =300 Po() > 30/ Eq(p)p®(p)dp ) e e 0 o e
. (N . -
CSFETTIa = 1 Gish = 1 Grggtle = —1 Gmls =1 I °

[ KI"(p, ﬁ’)pn(ﬁ/)dﬁ/ =27 (p"™ + p}*) [Frolov,Kazakov,Gromov]

Z(L,R) = [ dlpt, pi,]e “EE =2 [ (ot in(ote) =o' In p—p, In pi)dp



Thermodynamic Bethe Ansatz: AdS

<

ombardelli, Tateo, Fioravanti,Frolov,Arutyunov,
L:Bromov,Kazakov,Vlera,%ozatk] Y

Euclidean E2 4 (4gsin %)2 — 1 partition function:

Ground-state energy exactly

Z(L,R) =Ry e FOLIR(1 4 o~ AER)

S

R

Z(L,R) =R—00 Tr(e_ﬁ(R)L) =R—00 2un e En(L)R

Finite particle/hole + Bethe root density p@, pg, oL, p;;l:

Bu(R) = ¥, o) — X0 | Ba(P)o®(P)dp i
, o + g — O+ + R
GZLPS%%I—TTM = —1 ngg-H‘l =1 Qi‘*’%llgzb = —1 Qs R,

[ KI"(p, ﬁ’)pn(ﬁ/)dﬁ/ =27 (p" + p}*) [Frolov,Kazakov,Gromov]

PRERlE

Asymptotic Bethe Ansatz

no periodicity

00
o0
O

O

=1

Z(L,R) = [d[p’ pz]e_LE(R)—Zif((P”+p§,,)ln(pi+p§;)—piln p'=p, 1N p})dp

O
O

Saddle point : €/(5) = —In 23 | €(0) = §,,Eq(F)L — | KI(p,7)10g(1 + e~ #))dp

0, (D)

Ground state energy exactly: | Eq(L) = — >0 i g_g log(1 + e_eQ(ﬁ))dﬁ




Excited states TBA, Y-system: AdS,

Excited states exactly
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Excited states TBA, Y-system: AdS,

Excited states exactly

Asymptotic Bethe Ansatz

no periodicity

o 0 _ e ;
Y-system: AdS [Gromov,Kazakov, Viera] e *

Ya,s(0+5)Yas(0—%) _ (1+4Ya,s-1)(14Y5 541)
YCL—I-].,SYCL—].,S (1+Ya—|—1,s)(1+Ya—1,s>




Excited states TBA, Y-system: AdS,

Asymptotic Bethe Ansatz

Excited states exactly

00000 00
(XX LN}
O @O
O &0

[ X J

Y-system: AdS [Gromov,Kazakov, Viera]

Ya,s(0+5)Yas(0—%) _ (1+4Ya,s-1)(14Y5 541)
Ya—l—l,SYa—l,S (1+Ya—|—1,s)(1+Ya—1,s>

Excited states: analyticity from Liischer

Assumption on analytical structure — excited state TBA [Gromov,Kazakov,Kozak,Viera], [Arutyunov,
Frolov, Suzuki]

extra source terms: | ¢J(0) = 5‘221?@(13)1) + sources — [ Kf (5, 7) log(1 + e~ F))ap




AdS/CFT correspondence (Maldacena 1998)

IIp superstrlng on AdSs x S°
S ASISISISIS
3D sphere N =4 D=4 SU(N) SYM
- o St
;%5 = [d*Tr [—2F2 — 2(DP)? + WPV + V]
2= =| SEPP
= V(P, W) = L[, d]2 4+ W[d, W]
=— 8 = O superconformal PSU(2,2|4)
e SO(5)x5O0(1,4)
[ e dimension gaugeinvariants:O = Tr(®?), det( )
S3¥2=R? —444++-=-FR
B[40 (9, XM Xy 4+ 0.YM0Yr) + . ..
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AdS/CFT correspondence (Maldacena 1998)

IIp superstrlng on AdSs x S°

A =ISISISIS
5D sphe
.j .5D~
%) ant; I()i;CSltter
>
ic:)
S>=
- T
>
spac —
LT extra dimension
S3¥2=R? —444++-=-FR
B[22 (0, XM Xy 4+ 0. Y MOY ) + ...
2
Couplings: VA = £, g5 = J)\‘, — 0
2D QFT

String energy levels: ()
E(\) = E(c0) + A+ 2+ ...

N = 4 D=4 SU(N) SYM

= [d*aTr [-3F? —
V(P, W) =

S(DP)2 4+ VPV + V]

e, D)2 4+ WP, V]
PSU(2,2|4)

B = 0O superconformal SO(S)xSO(l 2)
gaugeinvariants:O = Tr(®?), det( )

Dictionary

strong<—>weak

A= gYMN N — oo plgnar limit
nm

<On($)om(o)> |x|2An(>\)
Anomalous dim A ()
= A(0) + XA+ N2+ ...

AN




AdS/CFT correspondence (Maldacena 1998)

IIp superstrlng on AdSs x S°
A SISISISIS
z D sphere N =4 D=4 SU(N) SYM
> =
— g B
%% B 2 [ d*aTr [—3F2 = 3(DP)? +iVPw + V]
= B V(®, W) = 2[®, ®]2 + W[, V]
=
= . PSU(2,2|4)
WL B = O superconformal SO(5)><SO(1 2)
" [ exmdimension gaugeinvariants:O = Tr(P2), det( )
S3Y¥2=R? —44+4+4-=-FR
B[22 (0,XM0° Xy 4+ 0. YMOY) + ...
' Dictionary
Couplings: v/A — R2 RZ Ji\] 0 A= gYMN N — oo plgnar limit
2D QFT strong<>weak (On(2)O0Om(0)) = |x|22”71(/\)
String energy levels: E()\) Anomalous dim A ()
E(A):E(oo)—l—%—l—%—i-... AN = A0) +AA1 + X200 + ...

2D integrable QFT

2

spectrum: QQ = 1,2,..., 0o dispersion: en(p) = \/Q2 2 Sin %

Exact scattering matrix: Sg,0,(p1, 2, )
finite volume spectrum: E(\, J)




AdS/CFT correspondence

supersymmetric BPS operators
— 1 2 1 \s
Z =P+ 1Py, X = P34+ 1Py

Opps =Tr(Z7) < | 11... 1)
Apps =J

weak<—>strong

BPS string configuration

SS

Epps(A\) = J
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AdS/CFT correspondence

supersymmetric BPS operators BPS string Confsisguration
V(®, W) = z[®, D)2 + W[, W]
Z = ®q1 4+ iy, X = g+ idy weak<—>strong
Opps =Tr(Z7) & | 11... 1)
Sors = Epps(A) =J

2D integrable QFT
supersymmetric groundstate Fg(J) = A(\) — J =0




AdS/CFT correspondence

supersymmetric BPS operators BPS string Confsisguration
V(®, W) = z[®, D)2 + W[, W]
Z = ®q1 4+ iy, X = g+ idy weak<—>strong
Opps =Tr(Z7) & | 11... 1)
Sors = Epps(A) =J

2D integrable QFT
supersymmetric groundstate Fg(J) = A(\) — J =0




Konishi anomalous dimension at weak coupling >

>

Konishi: two particles in finite volume: b
Bethe Ansatz: P/ S(p, —p) = 1 + dispersion relation E(p, \) = \/1 + 1642(sin %)2

Aps(\) =24+6¢2—24¢%+168¢°— (14104 144¢3)g%—12(22429+4608¢3+
3672¢s + 2520¢7)gl2 + ...

Liischer correction A, scher(N) = — fg—gS(ﬁ,pl)S(ﬁ, po)e~LE®)
4loop: (324 + 864(3 — 1440(5)g° [ZB, Janik '09]
Bloop:—36(72¢(3(—1 4+ 2¢3)+ [ZB, Hegedus,
+5(63 4 64(5 — 168(7))g10 Janik, Lukowski '10]
Bloop: —108(—2421 1 96¢3(20 I 2¢3 — 15C5) | [ZB, Janik '12]
—1448(s — 980(7 4+ 4536(g) g2 7loop

TBA Finite equations FINLIE
[Frolov,Arutyunov,Suzuki]  [Balog, Hegedus '12]  [Gromov, Kazakov, Leurent, Volin '12]

FINLIE weak coupling: 8loop; (1 2 g
[Leurent, Serban, Volin '12] [Leurent, Volin '13]
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Konishi at strong coupling (only numerical)
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ArgN=2vX

Konishi at strong coupling (only numerical)
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Konishi at strong coupling (only numerical)

Konishi state

ool e o o Numerics GKV‘09 ]

o Numerics F‘10
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Numerical TBA for Konishi operator: Tr($<)

Strong coupling (numerically) agrees with string theory calculations
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Konishi at strong coupling (only numerical)

Konishi state
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E(g)zz/\%—4+%+...
4



AdS/CFT: spectral problem for twisted theory

TST deformed AdS

non supersymmetric theory [Frolov .. '05] [Frolov '05][Alday .. '06]
V(P, W) = %[d% I3, + VP, V], ;
[q)i7 cbj]W’k — ezew'k:’Yk;q)iq)j _ e 16@].k7k¢j¢i o
Z =P+ 1Py, X = P34 1Py
O=Tr(Z)) < |11...1) -
Ap = J + Awrap. =AdS with twisted BC.
= J+ )\JAJ 4+ o+ )\QJAQJ E()\) — Jfinite size corr.

[Arutyunov et al '11]

twisted groundstate

L eiyJ

E—-J= EFSC
FE g =finite size correction! |, [ZB et al '11] twisted TBA

- . :
o 4w - w2 4. e UNtwisted Y—system [Gromov .. 11]
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AdS/CFT correspondence: boundary

/=0 brane: boundary vacuum

Ex(N) = 2EBgry(N)
dispersion relation

E(p, \) = \/1 + 2 (sin )2
elastic reflection R(p)
Bethe Ansatz: 2P/ R(p)R(—p) =1
finite size corrections

AE = — [ LR(—p) R(p)e 2EDL

det operator anomalous dimension
Z = P54+ 1Pg, Y = P34 1Py
“/=0 vacuum”

Im.. 7]
O = ¢ 421 Zin. . Z5(Y Z7Y )

EER RS

“Y=0 vacuum”
O = &Y. Y (2T,
1 1)
operator mixing
e 3 &
P 8 o -~

N

integrable open spinchain
)

(0;(2)0,;(0)) = m
/=0: Bethe Ansatz + wrapping
Y=0: Bethe Ansatz + wrapping

Y-system [ZB et al '12]

sttt
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AdS/CFT integrability: other observables

quark-antiquark potential

Minimal surface

me

Wilson loop: (¢ Apudxt) o e~ TV (LX)
strong coupling

__4n%V/2)1 1.3359
V(r) = ;( 1y4 L(1 Vo T

extra dimension
minimal surface+f|uctuations

V(L)_ >L+8 QLIOgL_I_

v WM*

Integrable system on the strip

[Correa,Maldacena,Sever '12][Drukker '12]
Boundary problem: open spin chain with reflections
FEo(L), Casimir energy

& (0) = 5 0(oqQ(P) + EQ(P)L — | K (7, 7)109(1 4 e~ @) dp
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Conclusion

Hit a wall? Take a
holographic view

From pre-big bang physics to the origins of mass,

there may be no limit to holography's reach

. ws 4 =
3 -

. _ i + ¥ —
Hit-another-wall? Take
an integrable viey

_— 4

rom string energiesg#6 q-qbar

potential there.m@y be no lin
to integrabiti h
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