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de Haas – van Alphen Effect

quantum mechanic effect in which the magnetic moment oscillates as
a function of 1/B as the intensity of an applied magnetic field B is
varied

discovered in 1930 by W.J. de Haas and his student P.M. van Alphen

physics behind the effect explained by Lars Onsager in 1952

caused due to quantization into Landau orbits and the change in
occupation numbers whenever one of these orbits coincides with an
extremal cross-section of the Fermi surface

has since proved a useful tool to e.g. image the Fermi surface or
measure the carrier density
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Electron Star
[Hartnoll,Tavanfar 2010]

gravitational model conjectured as holographic dual of a strongly
correlated fermion system
static stationary solution of Einstein gravity coupled to a charged fluid

S = SEM + Sfl

SEM =

∫
d4x
√
−G (R − 2Λ) −

1
4

∫
d4x
√
−gFµνFµν

Sfl =

∫
d4x
√
−gLfl

the Lagrangian Lfl describes a charged perfect fluid,

Lfl = p[uν,Aν − ψ,ν︸   ︷︷   ︸
=:Ãν

]
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Electron Star

the state of the fluid at a given point in spacetime is determined only
by a local chemical potential

µloc = uνÃν

coarse grained gas of free electrons (Thomas – Fermi approximation)
with dispersion relation

E2 = m2 + k 2

at Fermi level εF = qµloc =: υ at vanishing temperature

particle density : n = β θ(υ2 −m2) (υ2 −m2)
3
2

charge density : σ = q n
pressure : ∂p

∂µloc
= σ
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coarse grained gas of free electrons (Thomas – Fermi approximation)
with dispersion relation

E2 = m2 + k 2

at Fermi level εF = qµloc =: υ at vanishing temperature

particle density : n = β θ(υ2 −m2) (υ2 −m2)
3
2

charge density : σ = q n

pressure : ∂p
∂µloc

= σ

T.Zingg (ITF Utrecht) Holographic dHvA Oscillations Helsinki, March 2013 4 / 20



Electron Star

the state of the fluid at a given point in spacetime is determined only
by a local chemical potential

µloc = uνÃν
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Electron Star : Equations of Motion

Rµν −
1
2

R gµν + Λ gµν = Tem
µν + Tfl

µν

∇µFνµ = Jν

T em
µν =

1
2

(
FµλF λ

ν −
1
4

gµνFλσFλσ

)
Tfl
µν = σµlocuµuν + pgµν

Jν = σuν
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Electron Star : Schematics

electron cloud

black hole

AdS boundary
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Anisotropic Electron Star

at each point, the fluid sees an internal frame and couples to Fµν

Lfl = Lfl[uν, Ãν, eνa , ė
ν
a ,Fµν]

−→ cf. spin fluids
[Ray 1972; Maugin 1974; Bailey, Israel 1974; ...]

electric current : Jν = − δL
fl

δÃν
magnetization tensor : Mµν = −2 δLfl

δFµν

spin tensor : Σµν = δLfl

δėa
[µ

eν]a

angular momentum tensor : Ωµν = ėAµeA
ν
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δÃν
magnetization tensor : Mµν = −2 δLfl

δFµν

spin tensor : Σµν = δLfl

δėa
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δėa
[µ

eν]a

angular momentum tensor : Ωµν = ėAµeA
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Anisotropic Electron Star : Equations of Motion

Rµν −
1
2

R gµν + Λ gµν = Tem
µν + TJ

µν + TM
µν + Tfl

µν

∇µ (Fνµ −Mνµ) = Jν

Tem
µν =

1
2

(
FµλF λ

ν −
1
4

gµνFλσFλσ

)
TJ
µν = −J(µÃν) + uλÃλu(µJν) − uλJλu(µÃν)

TM
µν =

1
2

(
Mλ(µFν)

λ + uλF ρ
λ u(µMν)ρ − uλMλρu(µFν)

ρ
)

Tfl
µν = Lflgµν − ΩκλΣκλ uµuν + ∇λ

(
u(µΣν)

λ
)

hµκhνλΣ̇κλ = −hµκhνλ
(
J[κÃλ] + M[κ

σFλ]σ − divu Σκλ
)
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Anisotropic Electron Star : Isotropic Limit

when the dependence on Fµν and eνa vanishes

Lfl −→ p[uν, Ãν]

Jν −→ σuν

Mµν −→ 0

Σµν −→ 0

hence

TJ
µν −→ µlocσuµuν

TM
µν −→ 0

Tfl
µν −→ pgµν
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Anisotropic Electron Star : Bulk Fluid

in addition to µloc , the fluid quantities also depend on a local magnetic
field

Hloc = eκ1eλ2Fκλ

coarse grained gas of free spin 1/2 particles quantized into Landau
levels

E2 = m2 + k 2
‖

+ (2l + 1) q Hloc + s νHloc

particle density

n↑,↓ =
βqHloc

2

lfilled∑
l=0

√
υ2 −m2 − [(2l + 1)q ± ν] Hloc

lfilled =

⌊
υ2 −m2 − qHloc ∓ νHloc

2qHloc

⌋
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Parameterization

static stationary ansatz :

e0 =
c(r)

r g(r)
dt

e1 =
1
r

dx

e2 =
1
r

dy

e3 =
g(r)

r
dr

A = a(r)e0 + Bx dy

F = b(r)e0 ∧ er + Bdx ∧ dy

−→ µloc = a(r) , Hloc = Br2

−→ σ↑,↓ = qn↑,↓ ,
∂p↑,↓
∂µloc

= σ↑,↓ , m↑,↓ =
∂p↑,↓
∂Hloc
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Equations of Motion

rc′ = −
ag2cσ

4r

rg′ = −
3g
2
−

g3

8

(
B2r4 − 12 + r4b2 − 2p + 2aσ

)
ra′ = −

a
2

+ bg −
ag2

8

(
B2r4 − 12 + r4b2 − 2p

)
rb ′ =

gσ
r2

rM′ = −Br −
m

r
+

ag2σM

4r

−→ conserved quantity :

Y = c
[
−

3
r3g2 +

ab
rg
− BM −

B2r4 − 12 + r4b2 − 2p
4r3

]
,
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Boundary Conditions

at r = ri matching to

ds2 = −
f(r)dt2

r2 +
dx2

r2 +
dy2

r2 +
dr2

r2f(r)

f(r) = 1 −
4 + q2 + B2

4
r3 +

q2 + B2

4
r4

A = q(1 − r)dt + Bdx ∧ dy .

at r = re matching to

ds2 = −
c2 f̃(r)dt2

r2 +
dx2

r2 +
dy2

r2 +
dr2

r2 f̃(r)

f̃(r) = 1 − 2Êr3 +
Q̂2 + B̂2

4
r4

A = c(µ̂ − Q̂r)dt + B̂dx ∧ dy
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Thermodynamics

T̂ =
12 − q2 − B2

16πc
Ŝ = 4π

B̂ = B

M̂ = −Bre −M(re)

free energy : F̂ = Ê+ ŜT̂ + µ̂Q̂

equation of state : 3
2 Ê = ŜT̂ + µ̂Q̂ − M̂B̂
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Phase Space

10- 4
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Fluid Profile

0. 0.5 1.
r0.

0.5

1.

Σ

0 0.5 1
r0

0.05

0.1

M

m = 0.5 , lmax = 5
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Phase Diagram

m = 0.95

150 300 450
1�B

10-5

10-3

10-1

Tc

T
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Phase Diagram

m = 0.7

100 200 300
1�B

10-5
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Phase Diagram

m = 0.5
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Period

m = 0.5

0.00001 0.001 0.1
T

10

20

40

DH1�BL

−→ in agreement with observation in experiments
[Berlincourt, Steele 1954]
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dHvA Oscillations in the Magnetization
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dHvA Oscillations in the Magnetization
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dHvA Oscillations in the Magnetization
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Summary

extended the electron star model to incorporate a direct coupling
between Fµν and the electron fluid by allowing the latter to become
anisotropic

crossover from a diamagnetic to a paramagnetic ground state
depending on parameters

appearance of dHvA oscillations when an external magnetic field is
applied

direct evidence of a Fermi surface in the dual field theory without the
need of probe calculations or other (perturbative, WKB, 1/N, etc.)
corrections
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