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e Explore Regge theory in the context of AAS/CFT

Regge theory in CFT’s?

[Cornalba 07;
Cornalba, MSC, Penedones 08]}

Strings exhibit Regge behaviour
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Applications of conformal Regge theory

e Phenomenology of low x physics in QCD (not today)

After connection with pomeron made by Brower, Polchinski, Strassler and Tan in 2006

e Extract non-trivial and new information about anomalous dimensions
[Kotikov, Lipatov, Staudacher,Velizhanin 07], graviton Regge trajectory in AdS and some
OPE coefficients in N=4 Super Yang-Mills (today)
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Regge theory in String Theory

e \irasoro-Shapiro S-matrix element
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* t-channel partial wave expansion T(s,t) = Z a;(t)E; (1 1 2§>

v s\ 7/
=0 ~(3)
e Exchange of spin .J field has pole at t = m?(.J) a;(t) ~ . _T;JQ)(J)
 Sum exchanges in leading Regge trajectory Z /
and Sommerfeld-Watson transform 2ms sin(m

e Analytically continue in J and pick leading pole from
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Resume & what’s next

Strings in flat spacetime

CFT,; or Strings in AdS,.

Scattering amplitude

7T (s,1)

Correlation function or Mellin amplitude
M(s,t)

Partial wave expansion

T(s,t) = Zaj(t) Pj(cos0)

J

partial wave

Conformal partial wave expansion

Ms.t) =3 / dv by (12) M, (s,

partial wave

On-shell poles
C*(J)
£) ~
@(?) t —m?2(J)

On-shell poles
C*(J)
V2 4+ (A(J) — 2)°

2

bJ(VQ) ~

Leading Regge trajectory

m2(J) = =(J — 2)

Oé/

Leading twist operators

AJ)=d—-2+J+~(J, g°)
N—_——
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dimension
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O(J) ~ >~w
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e G

Regge limit: s — oo with fixed ¢

Pj(cosf) = (E)J

t

T(s,t) ~ B(t) s/

Regge limit: s — oo with fixed ¢
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M(s.t) ~ / A w0 () B0) 570

Regge pole and residue
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Regge pole and residue
(A) =)’ +12=0 = J=j()
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B(v) ~ C*(j(v))
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Mellin amplitude - definition [Mack 09; Penedones 10]

e Correlators can be thought as S-matrix elements for AdS scattering.
Mellin amplitudes make analogy more explicit (can write Feynman rules)

A(w) = 1) . Oslan)e = [1a8M(6;) T Tl6iy)a)
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Mellin amplitude - definition

[Mack 09; Penedones 10]

e Correlators can be thought as S-matrix elements for AdS scattering.
Mellin amplitudes make analogy more explicit (can write Feynman rules)

A(r;) = (O1(21) ... O4(T4))c = /[d(S]M(&;j) H [(0;;)(x2,) %

Conformal symmetry
constrains variables

Introduce fictitious
momenta such that

cross ratios
2 2 2 2

RSP IEY L1493
“= x2. 2, v 2,12
13424 13424

4
D> 0 =0 (0 =
j=1

—A;)

4
sz' =0, 0ij =Dpi-Dj
i=1

¥,

“Maldelstam” variables

s=—(p1+p3)°— A1 — Ay = Az — Ay — 2813
t=—(p1 +p2)° = A1 + Ay — 2515

A(u,v) = /_

100

100

dtds

(471)?

M (s,t) ut/ 2y (511)/2

X product of I' functions



Mellin amplitude - OPE

O1(2)02(0) = »

L

[Mack 09; Penedones 10]

° () [} x
1 g, O,ul-“:ujk (( )) _|_ (]eSCendaIltS
( 2) T k
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Mellin amplitude - OPE [Mack 09; Penedones 10]

O1(2)02(0) =)

2

. (27)2

(A1+Az—Ag)

Tpq -+ Tpy,

(22) %

O, """ (0) + descendants

e Conformal block expansion of reduced correlator

A(u,v) = Z Chr2kCs4x G, g, (U, V)
k




Mellin amplitude - OPE [Mack 09; Penedones 10]

O1(2)02(0) = %: ($2)%(A1—|—A2_Ak)

* Conformal block expansion of reduced correlator O,

A(u,v) = Z Chr2kCs4x G, g, (U, V)
k

J.!

~ C12kC34k
2 7 1),

Tpq -+ Tpy,

(22) %

* |In Mellin space must have poles in t variable

C12£C34% Q1 m(S)
Mi(s.t) ~ !
(5,1) t—A+J—2m

O, """ (0) + descendants

uTC’SLk1<

m=20,1,2,...




Mellin amplitude - conformal partial wave expansion

* In Mellin space write partial wave expansion

M(S,t) — Z/_OO dVbJ(VZ) M,/,J(S,t)
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Mellin amplitude - conformal partial wave expansion

* In Mellin space write partial wave expansion
Ms,t) =Y / A By (02) M, 1 (5,1
J=0" "¢

e Exchange of operator of dimension A and spin J

(includes descendents) O:

2\ ~
by (v°) ~ C12kC3ar 21 (A - 2)?

e Regge limitis again s>t M, ;(s,t) ~ w, j(t)s’

e Flat space limit M(s,t) — T(s,t) = Z“J(t) Fr (1 i 2%)
J=0

(A, J)



Conformal Regge theory

M(S,t) — Z/_OO dVbJ(VQ) M,/,J(S,t)



Conformal Regge theory

Z / dJ L
.
; o 2mi sin(wJ)

C'

M(S,t) — Z/_OO dVbJ(VQ) MV”](S,t)

J(v)
r(J) j'(w)riv)) ©
y4 H{AUR = 206 5 2v(d — B(v))

2

bJ(V) ~

C

/
N\
0 2 4 6



Conformal Regge theory

Z / dJ L
.
; o 2mi sin(wJ)

C'

M(S,t) — Z/_OO dVbJ(VQ) MV”](S,t)

i)
() F@)rEw) ®
2+ (A -22 " w(lT - i)

bJ(V) ~

C

SD
™

~
-,

Reggeon spinJ = j(v) defined by inverse function of A(J) 1 - NS 217 8a )



Conformal Regge theory

dJ s
> > 5 ; - /CQM' sin(m.J)
M(S,t) — Z dVbJ(V )M,/”](S,t)
J=0"

j(v)
s Ty gL s ) g0 ® ™
T vYAWG) -2 T w( -5E) ————
</
Reggeon spinJ = j(v) defined by inverse function of A(J) 1 - NS 217 8a )

Residue related to OPE coeffs r(J) = Ci127C345 Ka(g),7



Conformal Regge theory

dJ s
> > 5 ; - /(32772' sin(7J)
M(S,t) — Z dVbJ(V )M,/jj(S,t)
J=0"

-
j(v)
T Wy r(J) g L) 2 @® ‘\C
g g HANGR- 9 5 20 (- o) <
0 > 2 4)
Reggeon spinJ = j(v) defined by inverse function of A(J) 1 - NS 217 8a )
Residue related to OPE coeffs r(J) = Ci127C345 Ka(g),7
M(s,t) =~ /dyﬁ(V) Wy j(w)(t) 87 Bw) — Ci2jw)Caaj(v)

. J




N=4 Super Yang Mills

e Correlation functions that exchange vacuum quantum numbers are dominated
iIn Regge limit by exchange of pomeron/graviton Regge trajectory (twist 2)

tr (Fyp, Dy, ... Dy, F, F
(91 = (¢12¢12) r( H J )

Op = {tr(papDy, ... Dy, ¢"P)
03 — {r (¢34¢34) tr (QLADM . D,/J_lrluij)
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e Correlation functions that exchange vacuum quantum numbers are dominated
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o 34
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e WWeak coupling
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N=4 Super Yang Mills

e Correlation functions that exchange vacuum quantum numbers are dominated
iIn Regge limit by exchange of pomeron/graviton Regge trajectory (twist 2)

tr (F, Dy, ...D,, F, H
01 = (¢12¢12) r( H J )

O, = tr(¢apD,, .. -DvﬂbAB)
O3 = tr (¢340°*) tr (YaD,, ... D, T,

e \Weak coupling e Strong coupling

't Hooft coupling
A= Q%MN

= (4mg)°




Reggeon spin & dimension of twist 2 operators
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e Anomalous dimension (integrability) V() =AW) =T =2=> g""ym(J])
n=1



N=4 Super Yang Mills - anomalous dimension at weak coupling [Kotikov et al 07]

e Anomalous dimension (integrability) V() =AW) =T =2=> g""ym(J])
n=1

e Spin of BFKL pomeron W) =1+ ¢*"jn(v)
n=1



N=4 Super Yang Mills - anomalous dimension at weak coupling [Kotikov et al 07]

e Anomalous dimension (integrability) V() =AW) =T =2=> g""ym(J])
n=1

e Spin of BFKL pomeron W) =1+ ¢*"jn(v) A(j(v)) =2 +iv
n=1



N=4 Super Yang Mills - anomalous dimension at weak coupling [Kotikov et al 07]

e Anomalous dimension (integrability) V() =A) =T =2=> g""m(J)
n=1
e Spin of BFKL pomeron W) =1+ ¢*"jn(v) A(j(v)) =2 +iv
n=1
. - ST j(v)—1 -8 — ,
Consider limit j — 1, ¢° — 0 of e Y " ay (iv — 1)k

k=0



N=4 Super Yang Mills - anomalous dimension at weak coupling [Kotikov et al 07]

e Anomalous dimension (integrability) V() =A) =T =2=> g""m(J)
n=1
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* Inversion around v = 1 gives prediction for behaviour of A(J) around J = 1to
arbitrary high order in coupling (wrapping [Bajnok et al 08]). From leading BFKL spin
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N=4 Super Yang Mills - anomalous dimension at weak coupling [Kotikov et al 07]

e Anomalous dimension (integrability) V() =A) =T =2=> g""m(J)
n=1
e Spin of BFKL pomeron W) =1+ ¢*"jn(v) A(j(v)) =2 +iv
n=1
. - ST j(v) —1 -8 — ,
Consider limit j — 1, ¢*> — 0 of e z;)ak (iv — 1)

* Inversion around v = 1 gives prediction for behaviour of A(J) around J = 1to
arbitrary high order in coupling (wrapping [Bajnok et al 08]). From leading BFKL spin

A -3=2(72) 40 (39 1o (7L _icr (72) 4

e NLO in BFKL spin gives next to leading behaviour near J =1




N=4 Super Yang Mills - OPE coefficients at weak coupling

e From known form of 4pt correlation function at two loop obtain prediction for
behaviour of OPE coefficients between external operators and operators in
the leading Regge trajectory around J = 1 to arbitrary high order in coupling

O = tr (¢12¢12)
O3 = tr (¢34¢°*)




N=4 Super Yang Mills - OPE coefficients at weak coupling

e From known form of 4pt correlation function at two loop obtain prediction for
behaviour of OPE coefficients between external operators and operators in
the leading Regge trajectory around J = 1 to arbitrary high order in coupling

o 12
Oy = tr (¢120"7) Regge limit in position space
O3 = tr (¢34¢°")

A(o, p) =~ 2mi / dve@) o =7, (p)

M (s.1) ~ / fB0) o, ;) (1) 57

Cr15(v) C335(v)




N=4 Super Yang Mills - OPE coefficients at weak coupling

e From known form of 4pt correlation function at two loop obtain prediction for
behaviour of OPE coefficients between external operators and operators in
the leading Regge trajectory around J = 1 to arbitrary high order in coupling

2
C115C335 = ¢ |(J —1) 5 O(J —1)7
64 _
2 | _
) 4 g 9 | O(J 1) -
Ol (93 _
1 32 )
A 5 2 ~1)\0
qg 197 (61 37T)—|—O(J 1)_—|—




N=4 Super Yang Mills - OPE coefficients at weak coupling

e From known form of 4pt correlation function at two loop obtain prediction for
behaviour of OPE coefficients between external operators and operators in
the leading Regge trajectory around J = 1 to arbitrary high order in coupling

Ci117Cs35 = ¢ J —1)° | |
i Free theory (Wick contractions)
, | 64 '
U FO(J —1)| +
: I 32 _ )
4 2 0
1 — — 1
q _J_127(6 37°) + O(J )_+




* Next to leading order correlation function also known [Balitsky, Chirilli 08]

_ , , _
Ci117C535 = ¢ (J=1) 5 - (J—1)2§(—8+31n(2))+O(J—1)3
2_64 2 2 2_
9" |4 - (J—1)2—7(—488+97r +96In2) +O(J — 1)
1 32 ' '
4 1 — 37° 1
97|79y (O1-377) + +O( 1)) +




e Next to leading order correlation function also known [Balitsky, Chirilli 08]

Free theory (Wick contractions)

+0O(J —1)°
64 2 , .
n (J—1)2—7(—488+97T +961n2) + O(J — 1)
132 ' _
— o (61 —37°)+ - +0(J—-1)| +




N=4 Super Yang Mills - Reggeon spin at strong coupling

e Anomalous dimension of string states in leading Regge trajectory know up to
next to next leading order [Gromov et al 11] 9

ANBE) ) = 23+ (<14 2) = 2104 2656) ) +a?) oo




N=4 Super Yang Mills - Reggeon spin at strong coupling

e Anomalous dimension of string states in leading Regge trajectory know up to
next to next leading order [Gromov et al 11] 9

A AQT) —4) =2 :2ﬁ+(—1 : ?’;) —%(—10+x(8§( ) —1) +a );X o

e Can invert, A(j(v)) = 2+ iv, to learn about behaviour of graviton Regge
trajectory around J = 2 to arbitrary high order in strong coupling expansion

< 2N .
0o~ n (V7)) is a polynomial of degree n — 2 [Cornalba 07]
i) =2- 2K <1+ il el zpon g -
21/ \ — \(n—1)/2 5 (12 = — In flat space limit
—2 Jn (V) ;;—o: K 2 — _R2T ~, \1/2

21 n

©20=5, 0=73g, B1= g, C41= (SC( ) — ) C5.2 = g7 Cn k= 0 for b}

VAN

k<n-—2withn>4



N=4 Super Yang Mills - Reggeon spin at strong coupling

e Anomalous dimension of string states in leading Regge trajectory know up to
next to next leading order [Gromov et al 11] 9

A AQT) —4) =2 :2ﬁ+(—1 : ?’;) —%(—10+x(8§( ) —1) +a );X o

e Can invert, A(j(v)) = 2+ iv, to learn about behaviour of graviton Regge
trajectory around J = 2 to arbitrary high order in strong coupling expansion

442 ( <G (12) jn(1?) is a polynomial of degree n — 2 [Cornalba 07]
. n
j(v) =2 1+ . s f imi
A\(n—1)/2 RN ok In flat space limit
2\ —~ ) = 3 o |t epace i,
k=0
1 1 21 .
627025, Cg)oz—g, 637122, Cqa,1 — — (SC( ) ) 65’2:@7 Cn,k:()for [g} S]CSTL—ZWIthnZ4

[Janik, work in progress]



N=4 Super Yang Mills - Reggeon spin at strong coupling

7(0)
e New prediction for the strong
coupling expansion of intercept LO
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N=4 Super Yang Mills - Reggeon spin at strong coupling

7(0)
e New prediction for the strong
coupling expansion of intercept LO
NLO
(0) = 2 2 (1| 1 1) NNL
J - \/X ! 2\/X )\ 1.4
1
+2(1 - G3) 35 Ao

[Kotikov and Lipatov 13] NLO

1.0
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N=4 Super Yang Mills - OPE coefficients at strong coupling

e Flat space limit of Witten diagram [Penedones 10]

1 > da ., Tiag R%S R?T
T(S’T):/TM%E%OV(SS)R/_. omi @€ M(S: 20 T za)
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e Flat space limit of Witten diagram [Penedones 10]

1 > da ., Tiag R%S R?T
T(S’T):A_/ﬂnoov(SS)R/_. omi @€ M(S: 20 T za)
—/—/

M (s,t) =~ /dyﬂ(y) Wy () (1) ()
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N=4 Super Yang Mills - OPE coefficients at strong coupling

e Flat space limit of Witten diagram [Penedones 10]

1 > da ., Tiag R%S R?T
T(S, T) — jT[ E{IEHOOV(S5)R/ 2—7m 042 2 e M(S — 2 ,t — 2y )
%/—/

M (s,t) =~ /duﬂ(u) Wy, i) (1) 57 (V)

/da — (5(u2+R2T)

» To obtain Virasoro-Shapiro with linear trajectory restricts degree of j,,(v)

/

j(v) =2 4+V (1+Z (1)/2) —_— J(T) =2+ O;T




N=4 Super Yang Mills - OPE coefficients at strong coupling

 Equating to Virasoro-Shapiro in Regge limit make prediction for strong coupling
OPE coefficients involving Lagrangian and operators in leading Regge trajectory

3 5+ J
3N 2147 (2)
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N=4 Super Yang Mills - OPE coefficients at strong coupling

 Equating to Virasoro-Shapiro in Regge limit make prediction for strong coupling
OPE coefficients involving Lagrangian and operators in leading Regge trajectory

3 5—|—J
T2 (J—2) \ 2—>\1/4\/2(J—2)
3N 21+/7 (%)

/ / [Minahan 12]

Crry =




Concluding remarks & future directions

e Extended Mellin technology for CFT's to define Regge theory rigorously and
in full analogy with flat space

e Explored consequences of Conformal Regge theory in N=4 SYM and gave
many new predictions - useful data for program of solving theory exactly using
iIntegrability
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(single Regge trajectory becomes infinite sequence of trajectories)



e Some future work/directions:

- Study other trajectories. For example (X Z)(z1) (X Z)(x2) (YZ)(x3) (YZ)(x4))

would give information about OPE coefficient (Y Z)(z1) (Y Z)(x2) (ZDJZ) (23) )

- One can interpolate between a CFT in UV and a confined gauge theory in IR where standard Regge
theory applies. Can we understand better how conformal and standard Regge theories interpolate?

(single Regge trajectory becomes infinite sequence of trajectories)

7(0)
- In N=4 SYM can we derive spin of pomeron/graviton LO

Regge trajectory using integrability for any value of the
coupling (like Y-system for anomalous dimensions)?

[Janik]

NNI, NLO

1.2 LO
NLO
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